
9.11 (Extension to 9.11) Model I: linear regression: more than 
one y for each value of x, with unequal replicates

In some experiments you may have more than one y for each value of x. You may take the 
same number of replicates or samples at each point, i.e. there are the same number of y 
observations for each x. We illustrate how to analyse data like this in 9.11. However, occasion-
ally either this is not possible or something goes wrong and you find yourself with different 
numbers of y values for each x. The analysis of this data is very similar to that described in 9.11 
and we take you through a full worked example here.

Example W16 The uptake of zinc by Calluna vulgaris from soil polluted by 
run-off from electricity pylons

As one objective in an investigation into heavy metal pollution an undergraduate assessed the zinc 
concentrations in soil around a number of electricity pylons. The data here relate to eight transects 
radiating out from the centre of one pylon. Three samples were not tested successfully so the number of 
replicates is unequal. A plot of the data indicates that there may be a linear association, although there 
are possible peaks at or near the legs.
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FIGURE W16.1 Zinc concentration (μgZn/g soil) in soil samples taken at intervals (m) radiating out from 
the centre of a pylon
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9.11.1 Key trends and experimental design

In Example W16 it appears that the further from the pylon the samples were taken the lower 
the zinc concentration and this trend appears to be linear (Fig. W16.1). There is quite a lot of 
variation within the replicates for any one location. It would therefore be interesting to model 
this association; to examine whether distance has a significant effect on the zinc concentra-
tion and whether these are consistent increments.

9.11.2 Using this test

i. To use this test you should:

1) not have an a priori reason for expecting certain outcomes from your investigation 
but do wish to test for an association between two treatment variables;

2) have two treatment variables measured for each item. These data are usually 
represented graphically as a scatter plot (see Q4);

3) have measured both treatment variables on an interval scale;

4) have more than one y value for each value of x;

5) have an association that appears to be linear, with the points reasonably scattered 
(see Q4);

6) know that one variable (x) has been taken without sampling error and as such is 
usually under the investigator’s control;

Table W16.1 The concentration of zinc in soil samples (μg Zn/g soil) taken at different distances (m) 

from an electricity pylon

Distance (m) from the centre of pylon A (x)

1.2 2.4 3.6 4.8

Zinc concentrations in soil 
samples (μg Zn/g soil) 

5.993 62.270 54.890 70.014

29.872 64.877 74.353 49.905

12.489 37.440 99.790 124.502

14.990 24.910 137.486 149.283

74.133 75.023 74.679 112.399

14.885 87.465 89.428

24.993 75.000 87.439

19.996 29.919 74.828

x 24.6688750 57.113000 88.2396 94.7247500

s2 454.607926 544.629270 1011.88575 1038.87370

s 21.3215367 23.3372936 31.8101517 32.2315637

n 8 8 5 8

∑y 197.351 456.904 441.198 757.798

∑y2 8050.68263 29907.563 42978.678 79054.3420
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7) know that each value of y varies normally with each value of x and they should 
have a similar variance. (This sounds complicated but you can tell whether your 
data probably meet this criterion if the points on your scatter plot are fairly evenly 
distributed along the whole line (see Fig. 9.11 compared with Fig. 9.12).) and by using 
an Fmax test);

8) have three or more pairs of observations;

9) confirm that the observations for both treatment variables are parametric.

ii. Does the example meet these criteria?

The data from Example W16 do meet the criteria in that we do wish to test for an associa-
tion between two treatment variables (distance from the pylon and zinc concentration). The 
association appears to be linear, with the points reasonably scattered (Fig. W16.1). The soil 
samples were collected specific distances from the pylon; this was a variable under the inves-
tigators control. There are four x values and both variables are measured on an interval scale 
(distance (m) and zinc concentration (μg Zn/g soil.

To confirm that the data have similar (homogenous) variances an Fmax test (Box 9.6) was 
carried out. Fmax calculated = 1038.87370/454.607926 = 2.28521. For our example, measure-
ments were taken at four distances, so a = 4. For the larger variance, n = 7 and for the smaller 
variance n = 8. We therefore use the smaller of these to calculate the degrees of freedom, v 
= 7 − 1 = 6. So at p = 0.05, Fmax critical = 10.4. In this example, Fmax calculated (6.6) is less than Fmax 

critical (10.4). Therefore, you do not reject the null hypothesis.
There is no significant difference (Fmax = 6.6, p = 0.05) between the variances of the concentra-
tion of zinc (μg Zn/g soil) in the soil samples taken at different distances under a pylon. We 
may therefore proceed with the ANOVA.

BOX W16.1 How to carry out a simple linear regression using a one-way 
ANOVA with more than one y for any value of x and with unequal replicates

All values have been rounded to five decimal places. The calculation is illustrated using data from 
Example W16.

1. General hypotheses to be tested
There are three pairs of hypotheses that may be tested. These are explained at the end of the box in 
the context of the calculation itself.

2. Have the criteria for using this test been met?
Yes.

3. How to work out Fcalculated

A. Calculate general terms.

1. Add together all the observations in all the samples (grand total) ∑y.

2. Square each observation in all the samples and add these together ∑y2.
(continued)
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3. For each category add all the observations together (∑ys). This is the sample total. Square this 

sample total (∑ys)
2 and divide by the number of observations in each sample (ns); 

( )Σy

n
s

s

2

. 

Repeat for each sample and then add all these values together; 
( )

Σ
Σ











y

n
s

s

2

.

4. Take the result from step 1 and square it (∑y)2. Calculate N where N is the total number of 
observations in all the samples combined; N = ∑n. Divide (∑y)2 by N.

5. Each sample was taken under specific conditions. This numerical value is called X. This is not 
the same as the term x which indicates an observation. (In our example the X values are the 
distances from the pylon at which the observations were recorded). Multiply each X value by 
the number of observations in that category. Add all these values together; ∑nX.

6. Square the first X value (X2) and multiply it by the number of observations in that category 
(nX2). Repeat for each X value and sum; ∑(nX2).

7. Multiply each X with the sum of y values for that category; X∑y. Sum these values; ∑(X∑y).

8. The correction term for X. Square the result from step 5 and divide by N. Where N is the sum of 
all n values (N = ∑n); (result from step 5)2/N.

In our example the calculations are:

1. Σ = + + + =y 197.351 456.904 441.198 757.798 1853.251

2. ( ) ( ) ( ) ( ) ( )Σ = + + … + +y 5.993 29.872 . 87.439 74.8282 2 2 2 2

	 = 8050.68263 + 29907.563 + 42978.678 + 79054.3420

	 = 159991.266

3. 
( )Σy

n
s

s

2

 = 
( ) ( ) ( ) ( )+ + +
197.351

8

456.904

8

441.198

5

757.798

8

2 2 2 2

	 = 4868.42715 + 26095.1582 + 38931.135 + 71782.261

	 = 141676.981

4. ( )Σ = = =y N/ (1853.251) /29 3434539.27/29 118432.389
2 2

5. ∑( ) ( ) ( ) ( ) ( )= × + × + × + × = + + + =nx 8 1.2 8 2.4 5 3.6 8 4.8 9.6 19.2 18.0 38.4 85.2

6. ∑( ) ( ) ( ) ( ) ( )× = + + +n x 8 1.2 8 2.4 5 3.6 8 4.82 2 2 2 2

	 = (8 × 1.44) + (8 × 5.76) + (5 × 12.96) + (8 × 23.04)

	 = 11.52 + 46.08 + 64.8 + 184.32 = 306.720

7. ∑∑( )× = × + × + × + ×x y (1.2 197.351) (2.4 456.904) (3.6 441.198) (4.8 757.798)

	 = 236.8212 + 1096.5696 + 1588.3128 + 3637.4304 = 6559.134

8. (result from step 5)2/N = (85.2)2/29 = 250.311724

B. Calculate the Sums of Squares (SS).

 9. SS(x) = result from step 6 − result from step 8.

10. SP(xy) = result from step 7 − [(result from step 5 × result from step 1)/N].

   (SP(xy) is the sums of products).

11. SStotal = result from step 2 − result from step 4.

12. SSgroups = result from step 3 − result from step 4.

13. SSwithin = result from step 11 − result from step 12.
(continued)
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14. Explained SS = (result from step 10)2/(result from step 9).

15. Unexplained SS = result from step 12 − result from step 14.

In this example these terms are:

 9. SS(x) = 306.720 − 250.311724 = 56.408276

10. SP(xy) = 6559.134 − [(85.2 x 1853.251)/29]

	 	 = 6559.134 − [157896.985/29] = 6559.134 − 5444.72363

	 	 = 1114.41037

11. SStotal = 159991.266 − 118432.389 = 41558.877

12. SSgroups = 141676.981 − 118432.389 = 23244.592

13. SSwithin = 41558.877 − 23244.592 = 18314.2850

14. Explained SS = (1114.41037)2/(56.408276) = 22016.4586

15. Unexplained SS = 23244.592 − 22016.4586 = 1228.1334

C. Construct and complete an ANOVA calculation table.

i. Draw an ANOVA table as illustrated here.

Source of variation SS ν MS F

Between samples step 12

Linear regression step 14

Deviations from regression step 15

Within samples step 13

Total variation step 11

ii. Transfer the results from the calculations for SSbetween, SSwithin and SStotal into the ANOVA table 
in column 2. 

Source of variation SS ν MS F

Between samples 23244.592

Linear regression 22016.4586

Deviations from regression 1228.1334

Within samples 18314.2850

Total variation 41558.877

iii. Calculate the degrees of freedom (ν).

	 νbetween = number of samples −1 = a − 1.

	 νlinear regression = 1.

	 νdeviation from regression = number of samples −2 = a − 2.

	 νwithin = total number of observations − number of samples = N − a.

	 νtotal = total number of observations −1 = N − 1. 

 Enter these results in column 2.

 For this example

	 νbetween = number of samples −1 = a −1 = 4 −1 = 3.

	 νlinear regression = 1.
(continued)
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(continued)

	 νdeviation from regression = number of samples −2 = a − 2 = 4 − 2 = 2.

	 νwithin = total number of observations − number of samples = N − a = 29 − 4 = 25.

	 νtotal = total number of observations − 1 = 29 − 1 = 28.

Source of variation SS ν MS F

Between samples 23244.592 3

Linear regression 22016.4586 1

Deviations from regression 1228.1334 2

Within samples 18314.2850 25

Total variation 41558.877 28

iv. Calculate the mean squares (MS) for between and within categories, regression and deviation 
from regression by dividing the relevant sum of squares (e.g. SSwithin) by the associated degrees 
of freedom.

Source of variation SS ν MS F

Between samples 23244.592 3 23244.592/3 = 7748.19733

Linear regression 22016.4586 1 22016.4586

Deviations from 
regression

1228.1334 2 1228.1334/2 = 614.0667

Within samples 18314.2850 25 18314.2850/25 = 732.57277

Total variation 41558.877 28

D. Calculate F values, find critical F values, and test hypotheses.

There are three pairs of hypotheses we may test. The hypotheses we test are written below in relation 
to Example W16.

i. Test for a deviation from linearity.

These hypotheses are tested in step 16.

H0: There is no deviation from linearity between the concentration of zinc in soil samples (μg Zn/g soil) 
taken at different distances (m) from an electricity pylon.

H1: There is a deviation from linearity between the concentration of zinc in soil samples (μg Zn/g soil) taken 
at different distances (m) from an electricity pylon.

Testing the significance of this null hypothesis is your first step. A significant decision at this point suggests 
there is significant deviation from linearity and either an association is not linear (e.g. curvilinear) or there is 
significant variation in the data which is masking any linearity. If you have a significant outcome in this step 
you may consider transforming your data to produce a linear distribution and/or proceed to step 18.

ii. Test for significant linearity in the data.

These hypotheses are tested in step 17.

H0: There is no significant linear association between the concentration of zinc in soil samples (μg Zn/g soil) 
taken at different distances (m) from an electricity pylon.

H1: There is a significant linear association between the concentration of zinc in soil samples (μg Zn/g soil) 
taken at different distances (m) from an electricity pylon.

A significant result here would indicate a significant regression and you may then proceed to step 19, which 
shows you how to calculate the regression equation. A non- significant result here would suggest either 
that any association is not linear or that there is too much variation in the data, which is masking any linear 
trend. You should consider transforming your data and/or proceed to step 18.
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iii. Test for a difference between soil samples at different distances from the pylon.

These hypotheses are tested in step 18.

H0: There is no difference between the concentration of zinc in soil samples (μg Zn/g soil) taken at different 
distances (m) from an electricity pylon.

H1: There is a difference between the concentration of zinc in soil samples (μg Zn/g soil) taken at different 
distances (m) from an electricity pylon.

This is a typical one-way ANOVA, which tests the hypotheses described here. The test does not consider the 
linearity or any other specific type of association. The hypothesis testing instead focuses on any significant 
differences between samples. You may have a non-significant outcome when testing for linearity but a 
significant outcome here. If you wish to find out more about the nature of the difference you may then 
proceed to a Tukey−Kramer test (Box 10.11).

16. To test for a deviation from linearity.

Fcalculated = MSdeviations divided by the MSwithin.

In our example (Table W16.2) this Fcalculated value = 614.0667/732.57277 = 0.83823. The Fcritical value is 
found in Appendix D, Table D8, where the degrees of freedom are those for the MSdeviations (ν1) and the 
MSwithin (ν2). In our example ν1 = 2 and ν2 = 25. When p = 0.05, Fcritical = 3.38.

The rule for this test is that if Fcalculated is more than Fcritical you may reject the null hypothesis. In our example 
Fcalculated (0.83) is less than Fcritical (3.35) so we may not reject the null hypothesis. There is therefore no 
significant deviation from linearity between the concentration of zinc in soil samples (μg Zn/g soil) taken 
at different distances (m) from an electricity pylon (weeks). We may now test for the significance of the 
regression by proceeding to the next step. If this were not the case we would skip the next step and proceed 
to step 18.

17. To test for significant linearity in the data

Fcalculated = MSregression divided by the MSdeviation.

In our example (Table W16.2) this Fcalculated value = 22 016.4586/614.0667 = 35.853296. The Fcritical value 
is found in Appendix D, Table D8, where the degrees of freedom are those for the MSregression (ν1) and the 
MSdeviation (ν2). In our example ν1 = 1 and ν2 = 2. When p = 0.05, Fcritical = 18.51. The rule for this test is that 
if Fcalculated is more than Fcritical you may reject the null hypothesis. In our example Fcalculated (35.853296) 
is more than Fcritical (18.51) so we may reject the null hypothesis. There is a significant linear regression 
between the concentration of zinc in soil samples (μg Zn/g soil) taken at different distances (m) from an 
electricity pylon (weeks).

18.  To test for a difference between the concentration of zinc in soil samples (μg Zn/g soil) taken 
at different distances (m) from an electricity pylon (weeks).

If the hypothesis testing at step 16 is significant or the step 17 is not significant it is worth carrying out step 
18 to test for a significant difference between the samples.

Fcalculated = MSbetween divided by the MSwithin

In our example (Table W16.2) this Fcalculated value = 7748.19733/732.57277 = 10.57669. The Fcritical value 
is found in Appendix D, Table D8, where the degrees of freedom are those for the MSbetween (ν1) and 
the MSwithin (ν2). In our example ν1 = 3 and ν2 = 27. When p = 0.05, Fcritical = 2.96. The rule for this test is 
that if Fcalculated is more than Fcritical you may reject the null hypothesis. In our example Fcalculated (10.58) is 
more than Fcritical (2.96) so we may reject the null hypothesis. In fact at p = 0.001 (Appendix d, Table D10), 
Fcritical = 7.27 so we may reject the null hypothesis at this higher level of significance. There is therefore a 
very highly significant difference between the concentration of zinc in soil samples (μg Zn/g soil) taken at 
different distances (m) from an electricity pylon (weeks).
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Table W16.2 ANOVA table for testing significance of linear regression where there are replicates of 

y for each value of x, and for the testing of the hypothesis ‘There is no difference between samples’ for 

data from Example W16.1 The uptake of zinc by Calluna vulgaris from soil polluted by run-off from 

electricity pylons

Source of 

variation

SS ν MS F

Between 
samples

23244.592 3 23244.592/ 3 = 7748.19733 7748.19733/ 732.5714  
= 10.5767128

Linear 
regression

22016.4586 1 22016.4586 22016.4586 / 614.0667  
= 35.853296

Deviations from 
regression

1228.1334 2 1228.1334 / 2 = 614.0667 614.0667 / 732.5714  
= 0.83823461

Within samples 18314.2850 25 18314.2850 / 25 = 732.5714

19. The regression equation.

The general equation for this regression line is y = a + bx. The regression coefficient is the gradient of the line 
(b) and can be calculated as

b = result from step 10/result from step 9.

The point where the line crosses the y axis is a. Where

a = y - bx = {[result from step 1/N] − [(b x result from step 5)/N]}.

N is the total number of observations.

In this example

b = 1114.41037/56.408276 = 19.7561501

a = {[1853.251/29] −	[(19.7561501 x 85.2)/29]}

			= {[63.9052069] −	[1683.22399/29]}

			= {63.9052069 −	58.0422065} = 5.8630004.

Therefore the regression equation for this data is y = 5.86 + 19.76X and is significant at p = 0.001

FIGURE W16.2 Highly significant association (p < 0.001) between the concentration of zinc (μgZn/g 
soil) in soil samples taken at intervals (m) radiating out from the centre of a pylon, y = 5.86 < 19.76X.
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