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2.1 Sets of objects and numbers

2.1.1 Write down the mathematical notation for:

(a) the set of all even numbers;

(b) the set of all natural numbers whose square is less than 21.

2.1.2 Give a definition of the set in Ex. 1(b) by means of a list.

Discussion (It is convenient to consider these two exercises together.)
As explained in the accompanying text, the ‘numbers’ in which we
are interested are the elements of N = {1, 2, 3, . . .}, the set of natural
numbers. As also mentioned, a set can be defined by making a list of
elements or by specifying properties that the elements are required to
satisfy. Frequently the properties can also be described in more than
one mathematically acceptable way.

Solution (a) If the set is denoted by E then valid possible answers
include: E = {2, 4, 6, . . .}, E = {2n |n ∈ N} and E = {x ∈ N |x =
2y for some y ∈ N}.

(b) If the set is denoted by S then valid possible answers include:
S = {1, 2, 3, 4} (the list) and S = {n ∈ N |n2 < 21} (via properties).

Remark For (a), many mathematicians would prefer the version

E = {2n |n ∈ N};
they would worry about the answer E = {2, 4, 6, . . .} (because, in such
a list, it may not be obvious what should be the next item, and the
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one after that, and ... ); they might also regard the third form as over-
complicated. For (b), either answer is correct, but the form S = {n ∈
N |n2 < 21} identifies the properties used in defining the set, while the
list S = {1, 2, 3, 4} does not. (There are, of course, many different ways
of defining the set {1, 2, 3, 4}.) So if it matters which properties are
being discussed, a form involving them is likely to be preferable.
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2.2 Subsets

2.2.1 For each of the following pairs of sets A, B, say whether the
statement A ⊆ B is true or false.

(a) A = {2, 4, 8}, B = {m |m is an even number }.
(b) A = {3, 7, 1025}, B = {m |m = 2n−1 for some number n}.
(c) A = {0}, B = ∅.
(d) A = ∅, B = {0}.

Discussion The test is whether every element of A is an element of B,
in which case the statement is True, or whether there is at least one
element of A which is not an element of B, in which case the statement
is False.

Solution (a) A ⊆ B is (clearly) True.

(b) The relevant range of values of the expression 2n−1 is something
like: 255 = 28 − 1, 511 = 29 − 1, 1023 = 210 − 1, 2047 = 211 − 1, and
1025 is not on this list, but is an element of A. We therefore conclude
that 1025 /∈ B, and hence that the statement A ⊆ B is False.

(c) The empty set B has no elements whatever, while A has one
element 0, so 0 /∈ B and therefore the statement A ⊆ B is False.

(d) There is no element of A whatever, so there is no element of
A which fails to be an element of B. It follows from the definition of
‘⊆’ that the statement A ⊆ B is True.

Remark The reasoning at (d) shows that the empty set ∅ is a subset of
every set, and is an important illustration of the logic of mathematical
arguments.
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2.2.2 There are eight different subsets of the set {a, b, c}. Make a list
of them.

Discussion For each x in the set, and each subset X, we need to ask
whether or not x belongs to X. The answer will be either ‘Yes’ or ‘No’,
so that a collection of elements of the set, i.e. a subset, will determine
some combination of ‘Yes’s’ and ‘No’s’, while each combination will
determine a subset (since different combinations will correspond to dif-
ferent subsets). To illustrate this, we have shown against each subset
the combination of ‘Yes’s’ and ‘No’s’ that determines the subset.

Solution The subsets of {a, b, c} are:

∅ (No, No, No) {a, b, c} (Yes, Yes, Yes);
{a} (Yes, No, No) {b, c} (No, Yes, Yes);
{a, b} (Yes, Yes, No) {c} (No, No, Yes);
{a, c} (Yes, No, Yes) {b} (No, Yes, No).
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2.3 Union and intersection

2.3.1 Construct a counter-example for the following statement.

• for any sets A, B, C, A ∩ (B ∪ C) = (A ∩B) ∪ C.

Discussion A Venn diagram can help give insight into how this equality
can fail to be true, but to get a valid counter-example it is necessary to
define the sets A, B and C, and to verify that the two expressions are
unequal. It is also convenient to use small sets for the purpose, because
they are easily checked and understood, but we have given two solutions
in order to illustrate that none of the expressions involved need be equal
to the empty set.

Solution If A = {1, 2}, B = {1} and C = {3} then:

A ∩ (B ∪ C) = {1, 2} ∩ {1, 3} = {1, },
but: (A ∩B) ∪ C = ({1, 2} ∩ {1}) ∪ {3} = {1, 3},
so the two sets are unequal in this instance.

Alternatively, let A = {1}, B = {2} and C = {3}; then:

A ∩ (B ∪ C) = {1} ∩ {2, 3} = ∅,
but: (A ∩B) ∪ C = ({1} ∩ {2}) ∪ {3} = ∅ ∪ {3} = {3},
so the two sets are also unequal in this case.
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