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independent project for a student who might be excited about a mathematical problem

described in the readings. In this way, the book offers flexibility within a mathematical

curriculum; it will usually be used in a one-semester course, but some institutions may

have short terms where a follow-up course would fit in well.

The one-semester offering is the standard fare, and the book is designed for this

setting. An instructor can choose from the Contents in a variety of ways. Chapter 1

is required and needs to be discussed first, but then there are many options for the

way this book can be used. Use will typically depend on the needs of the department

and the curriculum, the interests of the instructor, the purpose of the course, and the

backgrounds of the students.Areviewer for the text said it best, “The beauty of this type

of text is that you can jump around, since … most of the chapters are self-contained.”

The flowchart, though it does not have to be followed, gives some guidance as to the

rough logical dependence of the chapters.

We believe that the heart of the course is in chapters 1–4, and these four chapters

could support a wonderful course in and of themselves. The first chapter is designed

to teach students to think mathematically and to prove mathematical theorems in the

context ofmathematical logic.We chose to begin the bookwith symbolic logic because

we have found that students’ proof-writing skills improve tremendously when their

approaches are grounded in proper logical thought. The study of logic is rightfully

approached for its own sake as an interesting field of mathematics, and in this text it

doubles as an important tool to develop theorem-proving skills.

Chapter 1

Mathematical Logic.

Section 1.4 is optional

Chapter 2

Abstract Algebra.

Sections 2.5 and 2.6

are optional

Chapter 3

Number Theory.

Sections 3.2 and 3.3

are optional

Chapter 5

Probability and Statistics.

Sections 5.4 and 5.5

    are optional

Chapter 6

Graph Theory.

Sections 6.3 and 6.4

    are optional

Chapter 7

Complex Analysis.

Sections 7.4 and 7.5

    are optional

Chapter 4

Real Analysis.

Sections 4.6, 4.7,

and 4.8 are optional

The last section of chapter 1 is the most important in the book, in the sense that

it gathers the ideas from formal logic into a discussion of how to prove mathematical

theorems. It sets the stage for proving mathematical results in all other chapters.

Additional ideas introduced in chapter 1 include the sentential (or propositional) logic
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of connectives, truth tables, validity of arguments, Gödel’s incompleteness theorems,

and predicate logic. Nearly all of these topics are directly connected to learning about

the fundamental proof techniques ofmathematics, and the text intends for students to be

motivated by seeing the value of symbolic logic throughout the study. An application

section explores the design of computer circuits via sentential logic and Karnaugh

maps. Not all of these topics need to be explored, and an instructor may choose to

omit many of the sections. A streamlined approach to chapter 1, for example, could

examine only sections 1.1, 1.2, 1.6, and 1.7. In the flowchart, we have listed section

1.4 as optional because we often choose to omit it, but a quick review of any chapter

will indicate that an instructor may pick and choose from the many topics found within

sections in a variety of ways.

Chapter 2 studies number systems as foundational to understanding mathematics.

The chapter explores the integers and other basic number systems from the perspective

of abstract algebraic properties and relations. These notions lead to important insights

that are applied in later chapters, especially chapter 3. The fundamental ideas

introduced in chapter 2 include a basic algebra of sets, Russell’s paradox, the division

algorithm,modular arithmetic, congruence of integersmodulo n, equivalence relations,

proofs of the uniqueness of mathematical objects, dihedral groups, and the basic

notions of group theory. An application section explores a variety of check digit

schemes.

Chapter 3 is meant to be a lot of fun. It expands on chapter 2’s study of

number systems from the perspective of examining abstract algebraic properties,

including the exploration of solutions to polynomials. This theme is picked up on

in many later chapters, especially in the study of polynomials as functions. An

instructor can pick and choose from the many interesting, accessible, and historic

topics from number theory, including ideas on the infinitude of primes, the prime

number theorem, Goldbach’s conjecture, the fundamental theorem of arithmetic, the

Pythagorean theorem, solutions of basic Diophantine equations, fields, Fermat’s last

theorem (the proof is given for n = 4), the irrationality of the square root of two, the

classical fundamental theorem of algebra, Abel’s theorem, and the proof technique of

mathematical induction. An application section explores public key encryption (via

the RSA system) and Hamming codes, which require a short introduction to matrix

multiplication.

The mathematics developed during the Age of Enlightenment sets the stage for

the development of both calculus and the theory of transfinite numbers. Chapter 4

introduces the basic notions of real analysis that underlie calculus. An instructor can

choose to cover all of the topics in any section or simply focus on the basic definitions

provided. The ideas introduced in this chapter include Descartes’ development of

analytic geometry, the definition and properties of functions, the theory of inverse

functions, the definition and basic properties of limits, derivatives, and Riemann

integrals, the definitions of cardinality and countability, Cantor’s diagonalization

arguments to prove the countability of the rationals and the uncountability of the reals,

and a brief introduction to L2 spaces. An application section explores how differential

equations can model physical processes such as the motion of a clock pendulum.

The chapter assumes competency with topics found in a standard single-variable

calculus course. As for any of the chapters from chapter 4 on, an instructor may
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choose to stop at any midway point through the list of sections. When we teach

the one-semester course, we often decide to go on to chapter 5 after covering

section 4.6.

Chapters 5–7 are offered as sweet desserts. There are two distinct approaches to

these last three chapters of the text.Whenwe teach the course, we like to choose at least

two or three sections from each of these chapters in order to give the students a taste of

the many different disciplines in mathematics. Our students value this exposure—they

say it helps them choose which courses they might later select from the upper-level

offerings. Alternatively, each of the chapters is a completely independent module and

can be studied in greater depth or omitted. Chapter 5 explores the mathematics of

likelihood and the long-term patterns in discrete events. The section on hypothesis

testing provides a mathematical approach to inductive thinking, parallel to the way

in which chapter 1 provides a mathematical approach to deductive reasoning. The

fundamental ideas introduced in this chapter include basic combinatorics, Pascal’s

triangle, the binomial theorem, basic probability, hypothesis testing, and least squares

regression. Many of the problems are computational, but the overriding framework of

hypothesis testing andmany of the abstract notions of probability theory are presented.

This exposure is meant to assist greatly any student entering the corresponding upper

level course.

Chapter 6 introduces the study of graphs by indicating how they model and solve

real-world questions, beginning with the Königsberg bridge problem. In this way,

the chapter describes the mathematics of adjacency and the abstract descriptions of

networks of “connected” points (or objects). This chapter’s fundamental ideas include

the definition and basic properties of graphs, Eulerian and Hamiltonian circuits, trees

and spanning trees, and weighted graphs. The chapter presents many algorithms for

constructing shortest paths, spanning trees, Hamiltonian cycles, and minimum weight

versions of these objects in a given graph.

Chapter 7 presents an introduction to the theory of complex-valued functions,

teaching students about the basic algebra of complex numbers, single- andmultivalued

functions such as nth roots, exponential, trigonometric, and logarithmic functions

and their graphical representation, analytic functions, partial differentiation and

the Cauchy–Riemann equations, power series representations of analytic functions,

harmonic functions, and the Laplacian. An application section explores the use of

streamlines and equipotentials to understand and model fluid flow.

Key Elements of the Text

We hope A Transition to Advanced Mathematics will be recognized as a clear and

cogent text in support of a transition course surveying mathematics. It is designed to

serve ideally in collaboration with mathematics professors helping students to explore

new mathematical vistas, to grow into the perspectives of the mathematician, and to

successfully practice mathematics. The following elements of the text are intended to

help facilitate this partnership between professor and text in the creation of a dynamic

and interesting learning experience.


