
Chapter 3 n Number Theory 159

3.1 Prime Numbers

Prime numbers serve as the basic building blocks in the multiplicative structure of the

integers. As you may recall, an integer n greater than one is prime if its only positive

integer multiplicative factors are 1 and n. Furthermore, every integer can be expressed

as a product of primes, and this expression is unique up to the order of the primes in

the product. This important insight into the multiplicative structure of the integers has

become known as the fundamental theorem of arithmetic.

Beneath the simplicity of the prime numbers lies a sophisticated world of insights

and results that has intrigued mathematicians for centuries. By the third century b.c.e.,

Greek mathematicians had defined prime numbers, as one might expect from their

familiarity with the division algorithm. In Book IX of Elements [73], Euclid gives a

proof of the infinitude of primes—one of the most elegant proofs in all of mathematics.

Just as important as this understanding of prime numbers are the many unsolved

questions about primes. For example, the Riemann hypothesis is one of the most

famous open questions in all of mathematics. This claim provides an analytic formula

for the number of primes less than or equal to any given natural number.Aproof of the

Riemann hypothesis also has financial rewards. The Clay Mathematics Institute has

chosen six open questions (including the Riemann hypothesis)—a complete solution

of any one would earn a $1 million prize. Working toward defining a prime number,

we recall an important theorem and definition from section 2.2.

Theorem 3.1.1 The division algorithm; theorem 2.2.1 in section 2.2 If m, n ∈ Z and n is a positive

integer, then there exist unique integers q ∈ Z and r ∈ {0, 1, . . . , n − 1} such that

m = n ·q+ r.We refer to n as the divisor, q as the quotient, and r as the remainder

when m is divided by n.

Definition 3.1.1 For m, n ∈ Z, we say that n divides m when there exists q ∈ Z such that m = n · q;

that is, when the remainder r is 0 as the division algorithm is applied to m and n.

In this context, n is called a divisor of m or a factor of m.

The consideration of remainders from the division algorithm may bring to mind

an important fact from the study of modular equivalence in chapter 2. Recall that n

divides m exactly when mmod n = 0.

Example 3.1.1 We know that 3 divides 36 (or 3 is a factor of 36) because 36 = 3 · 12. On the other
hand, 3 does not divide 37 (or 3 is not a factor of 37) because 37 = 3 · 12+ 1, and

so the remainder from the division algorithm is 1 rather than 0.

n

Question 3.1.1 Determine if the following statements are true; if not, state the nonzero remainder.

(a) 5 divides 15 (c) 8 is a factor of 23

(b) 5 divides 24 (d) 8 is a factor of 32

n

In addition to determining if one particular integer divides another,mathematicians

are often interested in identifying the complete set of all divisors of a given integer.

For example, one important aspect of factoring polynomials is an ability to determine
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all possible divisors of the constant term. Similarly, divisors play a key role when

determining the elements of a group U(n).

Example 3.1.2 The positive integer divisors of 90 are 1, 2, 3, 5, 6, 9, 10, 15, 18, 30, 45, and 90.

n

When compiling such lists, we typically consider only positive integer divisors

(although certainly the negative of a divisor is also a divisor). It also helpful to

notice that most divisors match up in pairs; for example, both 3 and 30 are divisors of

90 = 3 · 30.

Question 3.1.2 List every positive divisor of the integers 98 and 120.
n

We now state the definition of a prime number.

Definition 3.1.2 An integer p ∈ Z is prime when p ≥ 2 and the only positive divisors of p are 1 and

p itself. When an integer n is not prime, we say that n is nonprime.

Recall that nonprimes are also known as composite numbers. The follow-

ing examples and questions highlight important examples and properties of these

numbers.

Example 3.1.3 Using the definition of a prime, we observe that 3 is prime because its only divisors

are 1 and 3. On the other hand, 4 is not prime because 2 divides 4, and so 1 and 4

are not the only positive divisors of 4.

n

Question 3.1.3 Determine if each integer is prime; if not, state the positive integer divisors of the

given number.

(a) 11 (d) 1

(b) 34 (e) 83

(c) −3 (f) 6

n

Question 3.1.4 How many prime numbers are even? Justify your answer.
n

We often use prime numbers and their properties whenworking with integers. One

approach to identifying if a given integer is prime is to try to factor it. A significant

downside to this approach is its slowness—factoring arbitrary integers on the order

of 100 digits can require up to 74 years of supercomputer time! As we discuss in the

next section, this difficulty in quickly factoring large integers does have a positive side,

enabling the security of certain encryption schemes. As an illustration of the relative

slowness of this process, the next question asks you to distinguish among the first

twenty primes and nonprimes.

Question 3.1.5 (a) List the first 10 prime numbers.

(b) List the first 10 positive integers that are nonprimes.

n
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The relationship between primes and nonprimes is expressed by the prime power

factorization of integers as described in the fundamental theorem of arithmetic.

A statement and proof of this result appear as Proposition 14 in Book IX of Euclid’s

Elements [73]. In this text, we state and use the fundamental theorem of arithmetic,

leaving its proof for your later studies.

Theorem 3.1.2 Fundamental theorem of arithmetic Every integer greater than 1 is either a prime

or a product of primes; that is, every integer m can be written as

m = p
n1
1 · p

n2
2 · · · p

nk

k

where p1, p2, . . . , pk ∈ Z are prime numbers raised to positive integer powers

n1, n2, . . . , nk . Furthermore, for a given integer, such a product of powers of

primes is unique up to the order of the primes. We refer to such a product as the

prime power factorization of the integer m.

Similar to the division algorithm, the fundamental theorem of arithmetic makes

two distinct claims about every integer greater than one. First, the fundamental theorem

of arithmetic is an existence result, guaranteeing that every integer greater than one

can be expressed as a product of primes raised to powers. Second, the fundamental

theorem of arithmetic is a uniqueness result, ensuring that every integer has exactly one

such prime factorization up to order. As we will see, an integer’s unique prime factors

play a pivotal role in understanding and proving many insights into the properties of

integers.

Example 3.1.4 We give the prime power factorizations of a few integers.

• 6 = 2 · 3
• 11 = 11

• 1620 = 162 · 10 = 2 · 81 · 10 = 2 · 34 · 2 · 5 = 22 · 34 · 5

n

Question 3.1.6 Find the prime power factorization of each integer.

(a) 30 (c) 12

(b) 5 (d) 27
n

Determining the prime power factorization of a relatively small integer is often

straightforward. Number patterns help. For example, even numbers have a factor of

two, and multiples of 10 have factors of two and five. Another simple pattern was

introduced in section 2.6: if the sum of an integer’s digits is divisible by nine, then the

integer is divisible by nine (and so has a factor of 32). If no such pattern is apparent,

then a factorization can be obtained by checking each integer up to
√

n to find a divisor

(if one exists); actually it is enough to check for divisibility by every prime number

less than or equal to
√

n.

On the other hand, for sufficiently large integers, the prime power factorization

can be extremely difficult to find. An exhaustive search for factors based on testing

every integer (or prime) less than or equal to
√

n can be extraordinarily time consuming

and resource intensive. Computer scientists express this complexity by asserting that
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factoring integers requires nonpolynomial time computations; although Peter Shor has

recently proven that a theoretical “quantum” computer is capable of polynomial time

factorization of integers. The next example illustrates this complexity in producing

prime power factorizations.

Example 3.1.5 We find the prime factorization of the integer 5,473,381,693.

Without sophisticated mathematical software, most people would have difficulty

finding this integer’s prime factorization. The square root of 5,473,381,693 is

73,983 (when rounded up), and so an exhaustive search may have to check

for divisibility by every prime less than or equal to 73,983—which is a lot of

dividing! Even the fastest of supercomputers can require a serious investment

of time and space resources to factor this (and larger) integers. As it turns

out, 5,473,381,693 can be factored by standard computer algebra systems as

13 · 174 · 712. Interestingly enough, just a single change in the tens digit from 9 to

4 produces 5,473,381,643, which requires much more computer time to verify as

prime.

n

When determining a prime power factorization by hand, it is often helpful to use

intermediate steps and identify nonprime factors, which can in turn be factored. The

following questions highlight the use of such intermediate steps.

Question 3.1.7 (a) Given that 6 divides 15,444,752,706, identify two primes that divide

15,444,752,706.

(b) Given that 6 divides an integer n, identify two primes that divide n.

n

Question 3.1.8 Determine the prime power factorization of 28,171,962,000 using direct

computations. Hint: No prime greater than 13 divides this integer.
n

Computer algebra systems can be quite helpful when exploring divisibility and

working with prime numbers. The following are useful commands from two widely

used computer algebra systems (or CAS). The Maple function isprime(n) determines

if n is a prime. The Mathematica function PrimepowerQ[n] determines if n is a power

of a single prime.

CAS Command Example

Maple [> m / n ; [> 54 / 3

[> ifactor(n) ; [> ifactor(54) ;

[> isprime(n) ; [> isprime(54) ;

Mathematica ]: m / n ]: 54 / 3

]: PrimeFactorList[n] ]: PrimeFactorList[54]

]: PrimepowerQ[n] ]: PrimepowerQ[54]

We now shift attention from detailed computations with specific integers to more

abstract, general questions about prime numbers. We know there exist infinitely many

positive integers 1, 2, 3, . . .. But howmany of these integers have the property of being
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prime? Could there be a “greatest” prime number, or are the primes unbounded in the

set of integers (and so infinite)? As your intuition may suggest or as you’ve learned in

other math courses, there are infinitely many distinct primes. In 300 b.c.e., Euclid gave

an elegant proof of this result for Proposition 20 in Book IX of Elements [73]. To help

motivate this proof, the following question considers integers obtained by adding one

to a product of consecutive prime numbers.

Question 3.1.9 (a) Determinewhether or not each integer is prime; if not, give a nontrivial divisor.

• 2 + 1

• 2 · 3 + 1

• 2 · 3 · 5 + 1

• 2 · 3 · 5 · 7 + 1

(b) Formulate a conjecture about the number p1 · p2 · · · pn + 1 obtained by adding

one to the product of the first n prime numbers.

(c) Find two primes greater than 50 that divide the number 2 ·3 ·5 ·7 ·11 ·13+1 =
30,031.

(d) If necessary, reformulate your conjecture frompart (b).What can be said about

the primes p1, . . . , pn (not) dividing p1 · p2 · · · pn + 1?

n

Question 3.1.9 indicates that integers of the form p1 · p2 · · · pn + 1 can be either

prime or nonprime. This observation raises further questions. Do primes greater than

30,031 occur in the sequence of integers of this form? (Yes, they do—can youfind one?)

Is there something distinctive about the sixth prime 13 that leads to p1 · p2 · · · p6 + 1 =
30,031 not being prime? How often do primes and nonprimes occur in this sequence?

Mathematicians do not know if there exists an upper bound on the primes occurring

in this sequence; in other words, it is an open question as to whether or not numbers

of the form p1 · p2 · · · pn + 1 are prime infinitely often.

Hopefully the insights gained from question 3.1.9 will help you understand and

appreciate Euclid’s proof. His argument is a classical proof by contradiction, assuming

the negation of the desired result and working toward two mathematical statements

that contradict each other.

Theorem 3.1.3 There exist infinitely many prime numbers.

Proof Assume that there are only finitely many prime numbers and that p1, . . . , pn is a

complete list of these primes. This proof produces a “new” prime P that is not

in the list, yielding a contradiction and leading to the conclusion that there are

infinitely many primes.

Motivated by question 3.1.9, we define the desired integer as P = p1 ·
p2 · · · pn + 1. Since P is greater than each of p1, . . . , pn in the complete list of

primes, P is not prime. Therefore, by the fundamental theorem of arithmetic,

P is a product of primes and so divisible by a prime. In particular, at least

one of p1, . . . , pn must divide P, which in turn implies that one of p1, . . . , pn

must divide

P − p1 · p2 · · · pn =
(

p1 · p2 · · · pn + 1
)

− p1 · p2 · · · pn = 1.
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However, the only positive divisor of 1 is 1, while every prime is greater than 1.

Thus, none of p1, . . . , pn can divide 1.We have obtained the desired contradiction

and conclude there exist infinitely many primes.

n

Since Euclid gave his proof of the infinitude of primes, many different and

interesting proofs of this result have been given by various mathematicians, including

one by the twentieth century Hungarian Paul Erdös. Most of Erdös’s work was in

discrete mathematics, particularly number theory and graph theory. In his lifetime,

Erdös published more than 1,500 papers with at least 500 different coauthors. He

liked to talk, in a jovial way, about “The Book” in which God had written a perfect

proof for every mathematical theorem. Proofs from THE BOOK [3] is a recently

published collection of theorems and proofs based on his suggestions and begins with

six different proofs of the infinitude of primes, including Euclid’s proof as well as

proofs by Goldbach, Euler, and Erdös himself.

As you have perhaps surmised from our discussion in this section, there are many

questions about prime numbers that remain open. We highlight three examples.

The Goldbach conjecture: In a 1742 letter to Leonhard Euler, the Russian math-

ematician Christian Goldbach conjectured that every even integer greater than two

can be written as the sum of two primes. This claim is readily verified for small

integers; for example, 4 = 2 + 2, 6 = 3 + 3, 8 = 3 + 5, 10 = 5 + 5, and so on.

Despite the best efforts of many professional and amateur mathematicians, so far no

proof of this conjecture has been pieced together.With the development of increasingly

powerful and sophisticated supercomputers, the Goldbach conjecture has been verified

for all even integers up to 12 × 1017 as of July 14, 2008. In addition, a number of

“partial” Goldbach results have been proven, including independent proofs by Nikolai

Chudakov, Theodor Estermann, and Johannes van der Corput in the 1930s that “almost

all” even numbers are the sum of two primes, as well as Chen Jing-Run’s proof in the

1960s that every even number must be the sum of a prime and either a prime or a

product of two primes (such a product of two primes is known as a semiprime). While

the Goldbach conjecture is widely believed to be true by mathematicians, evidence

and intuition do not carry the same weight as a thorough, logical argument. And so

mathematicians continue to seek a proof of the Goldbach conjecture in their quest for

mathematical truth.

The twin primes conjecture: Pairs of prime numbers that differ by two are known

as twin primes. For example, the first four pairs of twin primes are the primes 3 and

5, the primes 5 and 7, the primes 11 and 13, and the primes 17 and 19. The twin

primes conjecture asserts that there are infinitely many pairs of twin primes. As with

the Goldbach conjecture, the twin primes conjecture is generally believed to be true,

but a complete proof continues to elude mathematicians.

The squares conjecture: The following examples help motivate this conjecture.

• n = 1: Consider n2 = 1 and (n + 1)2 = 22 = 4 and observe that 2 is a prime

between 1 and 4.
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• n = 2: Consider n2 = 4 and (n + 1)2 = 9 and observe that 5 is a prime between

4 and 9.

• n = 3: Consider n2 = 9 and (n + 1)2 = 16 and observe that 11 is a prime

between 9 and 16.

The squares conjecture asserts that for every positive integer n ∈ N, there exists a

prime between n2 and (n + 1)2. The squares conjecture is believed to be true, but

mathematicians have not been able to prove the general result.

These three questions represent just a few of the many questions about primes that

remain open. We hope your interests are piqued, and perhaps you will want to study

such questions further. We end this section with a theorem stated in section 2.4. With

the fundamental theorem of arithmetic in hand, we can now provide the proof.

Theorem 3.1.4 Theorem 2.4.2 in section 2.4 For a, b ∈ Z, if p is a prime factor of a · b, then either

p is a factor of a or p is a factor of b.

Proof In proving a disjunction (an “or” statement), a standard strategy is to assume the

hypothesis and the negation of one of the disjuncts, and then to argue for the

truth of the other disjunct. The validity of this strategy is based on the logical

equivalence of p → (q ∨ r) and (p ∧ ∼q) → r.

We assume a, b ∈ Z, p is prime factor of a · b, and p is not a factor of a.

We show that p is a factor of b. Using the existence portion of the fundamental

theorem of arithmetic, express a · b, a, and b as the unique products of powers of

primes (up to order)

a · b = p
n1
1 · · · p

ni

i , a = q
m1
1 · · · q

mj

j , and b = r
l1
1 · · · r

lk
k ,

where p1, . . . , pi, q1, . . . , qj, r1, . . . , rk are prime numbers and n1, . . . , ni,

m1, . . . , mj, l1, . . . , lk are positive integers. Since p is a prime factor of a · b, we

know that p is one of p1, . . . , pi by the uniqueness of prime power factorizations.

Without loss of generality, assume p = p1, so that a · b = pn1 · p
n2
2 · · · p

ni

i .

Multiplying the prime power factorizations of a and b together, we also have

a · b = q
m1
1 · · · q

mj

j · r
l1
1 · · · r

lk
k . Equating these two expressions for a · b produces

pn1 · p
n2
2 · · · p

ni

i = q
m1
1 · · · q

mj

j · r
l1
1 · · · r

lk
k .

The uniqueness portion of the fundamental theorem of arithmetic implies that

these primes and their powers are unique up to the order in which they appear.

Since p is not a factor of a (by the assumption), p is not equal to any of q1, . . . , qj.

Therefore, p must be one of r1, . . . , rk , and so p is a factor of b = r
l1
1 · · · r

lk
k .

n

3.1.1 Reading Questions for Section 3.1

1. Define what is meant by the phrase “n divides m” and give an example.

2. What is the relationship between divides and modular equivalence?

3. Define and give an example of a prime number.

4. How many primes are there?

5. How many even primes are there?
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6. State the fundamental theorem of arithmetic.

7. Discuss the nature of the two distinct claimsmade by the fundamental theorem

of arithmetic.

8. What is the prime power factorization of an integer n? Determine the prime

power factorization of 1,275.

9. State and give an example for the Goldbach conjecture.

10. Define and give an example of a semiprime.

11. State and give an example for the twin primes conjecture.

12. State and give an example for the squares conjecture.

3.1.2 Exercises for Section 3.1

In exercises 1–4, verify each statement by finding the corresponding quotient q from

the division algorithm.

1. 10 divides 30

2. 59 divides 7,729

3. 34 is a factor of 2,414

4. 23 is a factor of 161

In exercises 5–20, prove each mathematical statement for integers m, n, k, p, a,

b ∈ Z .

5. The negative of a divisor of n is also a divisor of n.

6. The “divides” relation is reflexive; that is, m divides m.

7. The “divides” relation is transitive; that is, if m divides n and n divides k, then

m divides k.

8. The “divides” relation is linear; that is, if m divides n and m divides k, then

for every a, b, we have m divides a · n + b · k.

9. If m divides a and n divides b, then m · n divides a · b.

10. If m · n divides k, then both m divides k and n divides k.

11. An integer m divides n if and only if nmod m = 0.

12. For every prime p and nonzero n, we have n2 ≡ nmod p if and only if either

n ≡ 1mod p or n ≡ 0mod p.

13. If 2 divides n, then 4 divides n2.

14. If a prime p divides n, then p2 divides n2.

15. If a prime p divides n2, then p divides n. Note: This result is used in

section 3.3.

16. If a prime p divides nk , then p divides n.

17. If a prime p divides both m and n, then p4 divides m4 − n4.

18. If no prime less than n divides n, then n is prime.

19. For any positive integer n, 3 divides n3 − n.

20. The product of three consecutive integers is divisible by 6.

In exercises 21–25, disprove each false mathematical statement for m, n, k, a, b ∈ Z .

21. If m divides a and n divides b, then m + n divides a + b.

22. If positive integers m and n both divide k, then m · n divides k. Hint: Consider

n = m2.
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23. The “divides” relation is symmetric; that is, if m divides n, then n

divides m.

24. The “divides” relation is asymmetric; that is, if m divides n, then n does not

divide m.

25. The “divides” relation satisfies comparability; that is, for every m and n, m

divides n, or m is equal to n, or n divides m.

In exercises 26–33, find the prime power factorization of each integer.

26. 1,045

27. 123

28. 61,600

29. 1,225

30. 2,103

31. 2,301

32. Every integer between 2 and 10 inclusive.

33. Every integer between 11 and 20 inclusive.

34. For a fixed, nonprime integer n ∈ Z with prime power factorization n =
p

n1
1 · p

n2
2 · · · p

nk

k , what is the largest possible integer that can appear in this

factorization? Explain your answer.

Exercises 35–42 consider properties of greatest common divisors. A pair of integers

has a greatest common divisor (gcd) (or factor) k when k is the greatest divisor

of both. For example, 25 and 40 have a greatest common divisor 5 because 5 is a

(common) divisor of both 25 and 40, and there is no common divisor of 25 and 40

greater than 5. In this case, we write gcd(25, 40) = 5. In general, the primes shared

by the prime power factorizations of two integers generate their greatest common

divisor.

35. Find the prime power factorization of the integers 18 and 60.

36. Find all positive common divisors of 18 and 60. What is gcd(18, 60)?

37. Determine gcd(12, 50).

38. Determine gcd(75, 100).

39. Determine gcd(31, 32).

40. Determine gcd(31, 62).

41. If p is prime and n is a positive integer, what are the two possible values of

gcd( p, n)?

42. Prove that if m and n are positive integers, then [gcd(m, n)]2 is a divisor

of m · n.

Exercises 43–46 consider greatest common divisors and linear combinations. The

greatest common divisor gcd(m, n) is defined before Exercises 35–42. One con-

sequence of the division algorithm is that for all positive integers m and n, there

exist integers a, b such that a · m + b · n = gcd(m, n). We say that gcd(m, n) can be

expressed as a linear combination of m and n.

In Exercises 43–46 find the greatest common divisor of each pair of integers

and express this greatest common divisor as a linear combination of the two

integers.

43. 3 and 8

44. 3 and 6

45. 12 and 16

46. 14 and 22
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Exercises 47–52 consider relatively prime integers. Every pair of integers m and n

have a common divisor of 1. When 1 is the greatest common divisor of m and n (that

is, when gcd(m, n) = 1), we say that m and n are relatively prime.

In Exercises 47–52 determine if each pair of integers is relatively prime by finding

their greatest common divisor.

47. 12 and 175

48. 31 and 67

49. 637 and 26,400

50. 164 and 25,83

51. 517 and 31,891

52. 517 and 51,183

In Exercise 53–58, prove each mathematical statement for m, n, k, p ∈ Z. Relatively

prime is defined before exercises 47–52.

53. A prime p is relatively prime to every integer n < p.

54. Positive integers n and n2 are never relatively prime.

55. Positive integers n and n + 1 are always relatively prime.

56. If m is relatively prime to n · k, then m is relatively prime to both n and k.

57. If m and n are relatively prime, then m2 and n2 are relatively prime.

58. Give a counterexample disproving the false assertion that “If m is relatively

prime to n · p, then m · n is relatively prime to p.”

Exercises 59–63 consider a numerical approximation for the number of primes less than

or equal to a given integer n, where π(n) denotes this number. For example, π(2) = 1,

π(3) = 2, π(4) = 2, and π(5) = 3. Mathematicians have long sought patterns and

relations for primes—including the question of what percentage or ratio of integers are

prime. The prime number theorem provides one answer, asserting the following limit.

lim
n→∞

π(n)
n

ln(n)

= 1

Exercises 59–63 consider numerical evidence supporting the prime number theorem.

59. Determine the value of π(n) for every integer between 2 and 10 inclusive.

60. Determine the value of π(n) for every integer between 11 and 20 inclusive.

61. Working with a table of primes (perhaps on the web), determine the value of

π(100) and π(200).

62. Complete the following table. Does the resulting data support the assertion

of the prime number theorem that

lim
n→∞

π(n)

n/ ln(n)
= 1

n π(n) n
ln (n)

π(n)
n

ln (n)

10 4

1,000 168

100,000 9,592

10,000,000 664,579

1,000,000,000 50,847,534
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63. Complete the following table. Based on this data, what proportion of the

integers less than or equal to n is also prime?

n π(n)
π(n)

n
1

ln (n)

10 4

1,000 168

100,000 9,592

10,000,000 664,579

1,000,000,000 50,847,534

Exercises 64–70 consider questions related to Euclid’s proof of the infinitude

of the primes and the number-theoretic conjectures discussed at the end of this

section.

64. What is the smallest composite positive integer of the form p1 · p2 · · · pn + 1

with n greater than 1 and p1, p2, . . ., pn distinct primes? Consider products

of nonconsecutive primes such as 7 · 13 + 1 = 92.

65. Express every even number between 4 and 32 inclusive as a sum of two

primes. For example, 12 = 5+ 7. These sums verify the Goldbach conjecture

up to 32.

66. Goldbach also made a conjecture about odd numbers and sums of primes:

every odd positive integer greater than five is the sum of three primes. Verify

this conjecture for every odd number between 7 and 31 inclusive.

67. State the first eight pairs of twin primes; this list begins with the

pair (3, 5).

68. Prove that an odd integer cannot be written as the sum of twin primes.

69. For every positive integer n between 2 and 20 inclusive, determine a

prime between n2 and (n + 1)2. These primes verify the squares conjecture

up to 20.

70. Mathematicians from Diophantus to Fermat thought that every positive

integer can be expressed as the sum of four squares of integers. In the late

1700s, Lagrange gave the first rigorous proof of this result, based on work

of Euler. Computationally verify this statement for every positive integer

between 1 and 20 inclusive.

3.2 Application: Introduction to Coding Theory and Cryptography

This application of number theory involves prime numbers, modular arithmetic,

and a bit of group theory in the context of sharing information. When two parties

are communicating with one another, they (usually) seek an accurate exchange of

information. In addition, the parties involved often have a strong interest in preserving

the privacy of the shared information. Fortunately, mathematicians working in the

fields of cryptography and coding theory have developed a variety of mathematical

schemes that ensure both private and accurate communication.


