
Appendix E

This appendix gives a few
more questions with
solutions. They are
designed to reinforce
aspects of  material
presented in the main text
or to introduce simple
related material.
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Chapter 2

E2.1 A rocket moving in vacuum far from the Earth ejects propellant
at speed v cm s−1. The rocket starts from rest when its total mass is
M0. Show that the speed reached by the rocket when the total mass
has dropped to M is V = v ln(M0/M).

Estimate the speed reached when M = 0.1M0 for
(a) a rocket burning liquid oxygen and hydrogen,
(b) a rocket with a thrust of 20 N consuming propellant at the

rate of 5× 10−2 gm s −1.
The heat of combustion in the reaction 2H2+O2 → 2H2O is

2.9× 105 J per mole of H2O.

Solution
The force on the rocket is the rate of change of momentum of the
ejected gases. If a mass dM is ejected in time dt with speed v the force
is F = − v dM/dt, since dM is negative. This equals the acceleration
of the rocket M dV/dt, where M and V are the instantaneous mass
and speed of the rocket respectively.

F = M
dV

dt
= −v

dM

dt
.

Hence
−dM

M
=
dV

v
,

and
lnM = −V

v
+A,

where A is a constant. But V = 0 when M = M0, hence A = lnM0

and
V = v ln(M0/M).

(a) After combustion every mole of water formed has kinetic energy
2.9 × 105 J. One mole has mass 18 ×10−3 kg, and hence the speed
of the ejected propellant is v = 5.68× 103 m s−1. The above formula
then gives V = 5.68× 103 ln 10 = 1.31× 104 m s−1.

(b) The speed v of the propellant is the force divided by the rate of
change of mass. Hence v = 4×105 m s−1 and V = 9.2×105 m s −1.

Chapter 3

E3.1 Two springs each of unstretched length l and spring constant k
are fixed at their ends and middle so that they lie in a straight line
of length 2l. Show that if the mid-point where they are joined is
moved a small distance x along the straight line, and a distance y in



the direction perpendicular to that line, the potential energy of the
system is

U = 1
2k

(
[(x+ l)2 + y2]1/2 − l

)2
+ 1

2k
(
[(l − x)2 + y2]1/2 − l

)2
.

Solution
The stretched length AB of the first spring (see Fig 3.1a) is

(
(l + x)2 + y2

)1/2
,

from triangle ABC. Hence the extension of the spring is [
(
(l + x)2 + y2

)1/2−
l] and the energy stored in it is

1
2k

(
[(l + x)2 + y2]1/2 − l

)2
.

Similarly, using triangle DBC the energy stored in the compressed
second spring is

1
2k

(
[(l − x)2 + y2]1/2 − l]

)2
.

Adding the two energies gives the required answer.

E3.2 The interaction between neutrons in the nucleus may be repre-
sented for some purposes by the potential

U(r) = +
(r0
r

)
U0e

−r/r0 ,

where r is the separation of the neutrons, U0 ≈ 8 × 10−12 J and
r0 ≈ 1.5 × 10−15 m. Determine the force between neutrons at a
distance of 10−14 m, very roughly the radius of a lead nucleus.

Solution
The force is given by

F = −dU
dr

= U0
1

r
e−r0/r

(r0
r

− 1
)
.

Substituting the numbers gives an attractive force of 1.17 N.

Chapter 4

E4.1 A mass m is rotating in a circle at speed v1 on the end of a
string of radius r1. How much work is done in shortening the string
to r2?

Fig. E3.1(a)
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Solution
The force in the string is central and the angular momentum of the
mass is constant and at all times is equal to mv1r1. The work done,
W , in shortening the string equals the increase in kinetic energy of
the mass.

W = 1
2mv22 − 1

2mv21 .

But mv1r1 = mv2r2 and hence

W = 1
2mv21

((
r1
r2

)2

− 1

)
.

Chapter 5

E5.1 A particle of radius a1 and charge q1 is scattered by a much
heavier particle of radius a2 and charge q2. Use conservation of energy
and linear momentum to show that the impact parameter h and the
distance of closest approach b are related by

h =
√

b(b− µ),

where µ = q1q2/4πε0E with E the kinetic energy of the incident
particle far from the heavy particle. The electrical potential energy of
two charges separated by a distance d is q1q2/4πε0d.

Solution
Angular momentum is constant, hence

mv0h = mvb,

where m is the mass of the particle, v0 its speed at large separation
and v its speed at the distance of closest approach. Hence

v2 = v20
h2

b2
.

Energy is conserved, hence

E = 1
2mv20 =

1
2mv2 − q1q2

4πε0b

= E
h2

b2
− q1q2
4πε0b

.

Rearranging gives

1 =
h2

b2
− µ

b



and solving this equation we have

h =
√

b(b− µ).

E5.2 An Earth satellite travels in a circular orbit 250 km above the
Earth. Calculate its velocity and its period. If the period decreases by
2 seconds per day, find the new height of the satellite after 8 days.
Take the radius of the Earth, RE , to be 6.380× 106 m, the mass of
the Earth, M , to be 5.970× 1024 kg and the gravitational constant, G,
to be 6.673×10−11 m3 kg−1 s−2.

Solution
The mass of the satellite is negligible compared with the mass of
the Earth and so the reduced mass of the system is the same as the
mass, m, of the satellite. The force on the satellite is equal to the
gravitational force and

mv2

r
=

GmM

r2
,

where r is the distance of the satellite from the centre of the Earth,
equal to (RE + h) = 6.630 × 106 m, with h the height above the
Earth. Hence v =

√
GM/r = 7.752× 103 m s−1.

The period, T , is 2πr/v = 5374 s.
After 8 days the new period is 5358 s. The period is given by

T 2 =
4π2r3

GM
,

and T 2 ∝ r3. When T is reduced from 5374 s to 5358 s, r is reduced
from 6.630× 106m to 6.617× 106 m, and the height above the Earth
is reduced from 250 to 237 km.

E5.3 An Earth satellite is observed to have a maximum speed V1 and
a minimum speed V2 during one revolution. Find its maximum and
minimum distances, r1 and r2 respectively, from the centre of the
earth in terms of V1, V2, the mass of the Earth M and the gravitational
constant G.

Solution
This problem is again simply done by writing down expressions which
correspond to the conservation of energy and angular momentum. If
the mass of the satellite is m, conservation of energy requires that

1
2mv21 −

GmM

r1
= 1

2mv22 −
GmM

r2
.

Conservation of angular momentum requires that

mv1r1 = mv2r2.

CHAPTER 5 809
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Elimination of r2 from these equations gives

r1 = 2GM

(
1− v2

v1

)
/(v21 − v22) =

2GM

v1(v1 + v2)
.

Elimination of r1 from the equations gives

r2 =
2GM

v2(v1 + v2)
.

Chapter 8

E8.1 Show that the apparent diameter of the bore of a glass capillary
tube, as seen normally from the outside is to a good approximation
independent of the the outer diameter of the tube.

Solution
Figure E8.1a shows a view of the capillary tube with the size of the
bore magnified for clarity. Rays ABC and ADE are shown emerging
from the point A on the surface of the bore. Ray ABC is normal
to the outer surface of the tube and is transmitted undeviated. Ray
ADE has an angle of incidence θ and angle of refraction φ. If these
rays could be collected they would appear to come from the point
B, which is the position of the actual point A as seen by an outside
observer. Let the distance from the center O of the circle to the point
A be x; from A to B be y, and from A to D be z.

All angles θ and φ for an observer are small, as only such rays are
collected by the eye. Thus

tan θ = θ = x/z.

tan(φ− θ) = φ− θ = y/z.

Thus x = zθ, y = z(φ− θ) and (x+ y) = zφ. If the refractive index
of the glass is n, φ/θ = n, φ = nθ and

x+ y = zφ = nzθ = nx.

The apparent diameter of the bore is thus approximately the real
diameter times the refractive index of the glass and is independent of
the radius of the tube.

E8.2 A film of liquid of refractive index 1.5 separates two glass plates
which make a very small angle with each other. Five bright fringes
per centimetre are seen when the film is illuminated by light of

Fig. E8.1(a)



wavelength 550 nm and viewed at 25◦ to the normal. Determine the
angle between the plates.

Solution
Refer to Fig 8.20. The angle of incidence θ = 25◦, and thus the
angle of refraction φ = sin−1(sin25◦/n), where n is the refractive
index. Hence φ = 16.4◦ and cos φ = 0.959. A bright fringe occurs
when the difference in optical path lengths (eqn (8.55)) for rays with
angles of refraction φ equals an integral number of wavelengths. At a
thickness d of the film which satisfies this condition 2ndcos φ--plus
any path change corresponding to π/2 phase changes on reflections at
top and bottom of the film --equals Nλ where N is an integer. As
the thickness of the film changes, the next bright fringe occurs when
d+∆d, plus any path change corresponding to π/2 phase changes on
reflections at top and bottom of the film, equals (N + 1)λ. Hence

∆d = λ/2n cos φ.

Substitution of the values in this equation gives ∆d = 1.9× 10−7 m.
This change in thickness occurs over a distance one fifth of one
centimetre, and so the angle between the plates is ∆d in metres
divided by the fringe separation along the plates of 2 × 10−3 m. The
angle is 9.6×10−5 radians, which is 0.0055◦.

E8.3 A simple telescope consists of two thin lenses with positive focal
lengths separated by a distance equal to the sum of their focal lengths.
A distant object is focussed at a focal point of the first lens which
is also a focal point of the second lens. The second lens thus gives
an image at infinity. The focal length of the second lens is less than
that of the first and the image subtends a larger angle at the eye than
the object does without the aid of the telescope. The telescope thus
provides magnification.

The two lenses of a simple telescope are separated by a distance
of 81 cm and the angular magnification when focussing at infinity is
8X. What are the focal lengths of the lenses?

Solution
Figure E8.3a shows parallel rays from a point on a distant object
incident upon the objective lens O. The rays make an angle α with
the optic axis. The point is focussed in the second focal plane F of
the objective which is also the first focal plane of the eyepiece lens
E. A human eye looking into the eyepiece than sees an image of the
point at infinity. This image point makes an angle β with the optic
axis. The angular magnification M of the telescope is the angle β
divided by the angle the point on the object would make at the eye

Fig. E8.3(a)
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in the absence of the telescope. Hence M = β/α. Since the angles
are small

M =
β

α
=
tanβ

tanα
=

fo
fe

from triangles ABP and CBP. Hence

fo + fe = 81

and
fo
fe

= 8.

Solving these equations gives fo = 72 cm, fe = 9 cm.

E8.4 A microscope is used to magnify objects which are viewed at short
distance. A simple microscope consists of two thin lenses with positive
focal lengths. The first, called the objective, usually produces an image
at the focal point of the second, called the eyepiece. The second lens
gives an image at infinity which subtends a large angle at the eye. The
overall magnification of the microscope is the linear magnification of
the first lens times the angular magnification produced by the second
lens.

Two lenses, each with focal length 2.5 cm, make up a simple
microscope. An object is placed 3 cm in front of the objective. How
far apart should the lenses be, and what will be the magnification?

Solution
The image A′B′ of an object AB a distance u = 3 cm in front of the
objective lens O is situated a distance v = 15 cm after the objective.
This is shown on Fig E8.4a. A′B′ is at the focal point of the eyepiece
lens E, and hence the separation of the lenses is 17.5 cm.

The angular magnification, Ma, of the eyepiece lens E is the angle
subtended at the eye by the image at infinity produced by E, divided
by the angle the image formed by the objective lens O would subtend
at the eye if it were situated at the near point of the normal eye and
the eyepiece were absent. The near point of the normal eye is 25 cm
away. The former angle is the angle β drawn on the figure. The
latter angle can be imagined by withdrawing A′B′ to a distance of 25
cm to the left of the lens E, when it can be seen that the angular
magnification is

Ma =
25

fe

when fe is expressed in cm. The total magnification is

M = Ml ×Ma =
v

u
.
25

fe
= 5× 10 = 50.

Fig. E8.4(a)



Chapter 9

E9.1 A radioactive sample consists of a mixture of ThB and ThC.
At a certain time the source strength of the ThB component is 108

Bq, and the source strength of the ThC component is 2 × 108 Bq.
Calculate the activity one hour later. The half life of ThB is 10 hours.
Its daughter ThC has a half life of one hour.

Solution
The decay constant λ1 for ThB is 0.693/t1/2 s−1 with t1/2 the half
life. λ1 = 1.925 × 10−5 s−1. Similarly, the decay constant for ThC
is λ2 = 1.925× 10−4 s−1.

After one hour the activity of the initial amount of ThC has
declined to one half, leaving 108 Bq. After one hour the number of
ThB atoms remaining is given by eqn (9.2) to be 0.933 times the initial
number. Thus, after one hour the activity of ThB is 9.33 ×107 Bq.

We now have to consider the activity after one hour due to those
atoms of ThC from the decay of ThB. Some will have decayed during
the one hour period. The number remaining N is given by eqn (9.6)

N =
λ1N

0
1

λ2 − λ1

(
e−λ1t − e−λ2t

)
,

where N0
1 is the initial number of ThB atoms. The initial number

of ThB decays per second is given by λ1N
0
1 = 108. Hence N0

1 =
5.19 × 1012. Substituting values into the above formula gives
N = 2.50× 1011. The activity from this number is λ2N = 4.81× 107

Bq.
So finally, we have after one hour, 9.33 ×107 Bq of ThB and

1.48× 108 Bq of ThC.

Chapter 10

E10.1 A particle of mass m moves in a one-dimensional potential
which is infinite for x < 0, is zero for x > L and has the value −V0

between x = 0 and x = L. Show that the binding energies E of
possible bound states must satisfy the relation

√
E tan

√
2m

h̄2 (V0 − E)L2 = −
√

V0 − E.

Show that if at least one bound state exists

V0L
2 >

π2h̄2

8m
.

CHAPTER 9 813
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Solution
For a binding energy E the energy of the particle is −E and the
solutions in the region between x = 0 and x = L are oscillatory. The
solution in the region where V = 0 is a function which is exponentially
decaying with x. The TISE in the region between x = 0 and x = L
is

− h̄2

2m

d2φ

dx2
− V0φ = −Eφ.

This has a general solution

φ = A cos(ωx) +B sin(ωx),

where A and B are constants and ω =
√
2m(V0 − E)/h̄2. However

the boundary condition at x = 0 is that φ = 0, hence A = 0 and the
wave function between x = 0 and x = L is

φ = A sin(ωx).

In the region x > L the TISE is

− h̄2

2m

d2φ

dx2
= −Eφ,

which has general solution

φ = αekx + βe−kx,

where α and β are constants and k =
√
2mE/h̄2. However, α = 0

since the wave function of a bound state must decay exponentially for
x > L, and the wave function for x > L is

φ = βe−kx

.
Matching the wave functions and their derivatives at x = L gives

two equations,

A sin(ωL) = βe−kL,

and

ωA cos(ωL) = −βke−kL.

Dividing one by the other provides the required relation

√
E tan

√
2m

h̄2 (V0 − E)L2 = −
√
(V0 − E).

In order to have at least one bound state, since tan
√
2m(V0 − E)L2/h̄2

is negative,
√
2m(V0 − E)L2/h̄2 must be greater than π/2, or



2m(V0−E)L2 > π2h̄2/4 or 2mV0L
2 > π2h̄2/4 for a just-bound state

with very E.

E10.2 A particle of mass m moves in the harmonic oscillator potential
V = 1

2kx
2. Use the uncertainty principle to show that the energy of

the lowest energy state is 1
2 h̄ω, where ω =

√
(k/m).

Solution
The total energy of the particle is

E =
p2

2m
+ 1

2kx
2,

where p is the linear momentum. Assume that the amplitude of the
oscillations is about a. From the uncertainty principle, p ∼ h̄/a, when

E =
h̄2

2ma2
+ 1

2k
(a

2

)2
.

The ground state energy is the minimum value of this expression
which is when dE/da = 0. This condition gives a4 = h̄2/4mk, and
E=h̄ω/2.

Chapter 11

E11.1 The wavefunction (ignoring intrinsic spins) describing a sta-
tionary state of the relative motion of the electron and the proton in
the hydrogen atom is

φ(r, θ, φ) = (64πa30)
−1/2(r/a0)exp(−r/2a0) sin θ exp (−iφ),

where a0 is a constant. What are the quantum numbers n, l and m
for this state?

Determine the average value of r in the state with wavefunction

φ(r, θ, φ) = (32πa30)
−1/2(1− r/2a0) exp (−r/2a0).

The following definite integral will be useful in the solution:∫ ∞

0
xne−xdx = n!.

Solution
The coefficient of r in the exponent gives n = 2.

CHAPTER 11 815
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The polynomial in sin θ is of first degree and hence l = 1.
The φ-dependent part of wavefunction is exp(imφ) and hence

m = −1.
The probability of finding the electron between r and r+dr from

the proton is 4πr2 |φ|2 dr, hence

< r >= 4π

∫ ∞

0
r3|φ|2 dr

Substituting the given φ and making the substitution x = r/a0 we
find

< r >=
a0
8

∫ ∞

0
x3

(
1− x

2

)
e−xdx.

The integral may be evaluated using the integral provided to give
< r >= 1.5a0.

Chapter 12

E12.1 Assuming the Sun is a black body at a temperature of 6000 K and
that the Earth is a black body, calculate the equilibrium temperature of
the Earth. The angular diameter of the Sun is 10−2 radians. (Neglect
sources of heat from the Earth itself).

If an opaque cloud of dust particles in the form of a spherical
shell with a radius equal to half the radius of the Earth’s orbit were
interposed between Earth and Sun centred on the Sun, calculate
the equilibrium temperature of the cloud and the new equilibrium
temperature of the Earth.

Solution
The fraction of a sphere of radius R subtended at the Sun by the
Earth is πR2

E/4πR2, where RE is the radius of the Earth and R is
the Earth-Sun distance. The total energy radiated per second by the
Sun is given by eqn (12.56) and equals σT 4

S 4πR2
S , where σ is Stefan’s

constant and RS is the radius of the Sun. Thus the energy received
by the Earth per second is(

πR2
E/4πR2

)× σT 4
S 4πR2

S .

At equilibrium this is equal to the total energy radiated by the Earth.
Hence

(πR2
E/4πR2)× σT 4

S 4πR2
S = σT 4

E4πR
2
E ,

where TE is the Earth’s temperature. This gives

(R2
E/4R2)×R2

ST
4
S = T 4

ER2
E ,



and

T 2
E =

RS

2R
T 2
S .

But the angular diameter of the Sun is 2RS/R = 0.01, hence
TE = 300 K.

If the Sun is surrounded by a shell of dust centred on the Sun
and with radius R/2, all the radiation emitted by the Sun is absorbed
by the dust which attains a temperature TD. The outer part of the
shell radiates into space an energy σT 4

D4π(R/2)2 per second. The
inner part of the dust shell radiates back to itself, ignoring the very
small fraction intercepted by the Sun. Hence at equilibrium,

σT 4
D4π(R/2)2 = σT 4

S4πR
2
S ,

and

T 4
D = 4

(
RS

R

)2

T 4
S ,

giving TD = 425 K.
With the shell of dust in place, the Earth receives energy from

the shell at 425 K, the energy being distributed equally over a sphere
of radius R. The fraction of a sphere of radius R subtended by the
Earth is πR2

E/4πR2 as before. Hence

(πR2
E/4πR2)× σT 4

D4π(R/2)2 = σT 4
e 4πR

2
E ,

where Te is the new equilibrium temperature of the Earth. This gives

T 4
E =

T 4
D

16

and Te = 212 K.

Chapter 13

E13.1 A piece of tubing of very small bore has a large soap bubble
on its end. Air in the bubble leaks slowly through the other end of
the tube which is at atmospheric pressure. Show that the time taken
for the radius of the bubble to reduce from the value b to b/2 is
approximately

T =
15ηlb4

8Γa4
,

where a and l are the radius and length of the capillary tube, re-
spectively, Γ is the surface tension of the soap solution and η is the
coefficient of viscosity of air.

CHAPTER 13 817
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Solution
Equation (13.22) gives the volume of fluid passing through a thin
tube per second when the flow is streamline. Worked example 13.5
showed that the excess pressure inside a bubble of radius b when the
surface tension is Γ is 4Γ/b. Hence at time t the rate of change of
volume of air in the bubble, which equals the rate at which air flows
out of the other end of the tube, is

dV

dt
= −4πΓa

4

8ηlb
.

The volume is decreasing, hence the minus sign. But V = 4πb3/3,
and so

b3db = −a4Γ

8ηl
dt,

and ∫ b/2

b

b3db = −
∫ T

0

a4Γ

8ηl
dt,

which gives the required answer for the time T taken for the radius
of the bubble to fall from b to b/2.

Chapter 15

E15.1 A simple estimate of the binding energy per molecule of a NaCl
crystal may be made by assuming that the total energy arises from
the Coulomb attraction between the Na+ ion and the nearest Cl−

ion. The ionic separation is 2.8×10−10 m. Show that this estimate
gives roughly 2/3 of the measured value, which is close to 8 eV per
molecule.

Solution
The electrostatic interaction energy of two ions separated by a distance
d is e2/4πε0d. For d = 2.8× 10−10 m this is close to 5.1 eV.

E15.2 A very long solid cylinder of radius a has a uniform volume
charge density ρ. Determine the electric field and the electrostatic
potential as a function of perpendicular distance r from the axis of the
cylinder, both inside and outside the cylinder. The rod has relative
permittivity equal to unity.

Solution
Using cylindrical polar coordinates, (see Section 4.2), the symmetry
in the situation requires that the field E be independent of the angle
φ. Since the rod is very long, the field must also be independent of



the coordinate z, and E is thus radially outwards from the axis of the
cylinder, depending only on the coordinate r.

Applying Gauss’ law to the surface S of a cylinder of length l and
radius r < a coaxial with the cylindrical rod∫

S

E.dS = 2πrlE(r) =

∫
V

ρ

ε0
dτ = πr2l

ρ

ε0
,

where V is the volume enclosed by the surface S. Hence

E(r) =

(
ρ

2ε0

)
r, r < a.

Applying Gauss’ law to the surface S of a cylinder of length l and
radius r > a coaxial with the cylindrical rod

2πrlE(r) = πa2l
ρ

ε0
.

Hence

E(r) =

(
a2ρ

2ε0

)
1

r
, r > a.

The determination of the electrostatic potential in this hypothetical
problem involving infinite amounts of charge on the assumed infinitely
long rod raises a difficulty. A potential can readily be found from the
requirement that

φ(r) = −
∫

Edr,

everywhere together with the conditions the φ and E and their
derivatives be continuous at r = a. For r > a

φ = −
(
a2ρ

2ε0

)
ln r +A,

where A is a constant. This requires the constant to be infinite if we
wish the potential to have the usual property of being zero at infinity.
However, we can construct a potential which reproduces the E field
by putting the constant A equal to zero in the above expression.

For r < a,

φ(r) = −
∫

Edr = −
∫ (

ρ

2ε0

)
rdr = −

(
ρ

4ε0

)
r2 +B

where B is a constant. The constant B has to be chosen to make the
potential continuous at r = a, hence

φ =

(
a2ρ

2ε0

)
(ln r − 2ln a), r < a
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E15.3 A solid sphere of radius a has a uniform volume charge density
ρ. Determine the electric field and the electrostatic potential as a
function of distance r from the centre of the sphere, both inside and
outside the sphere. The sphere has relative permittivity of unity.

Solution
Using spherical polar coordinates (see Section 11.1) the symmetry in
the situation requires that the field E is radially outwards and depends
on the coordinate r. Applying Gauss’ law to a spherical surface of
radius r < a ∫

S

E.dS =

∫
V

ρdτ

ε0
,

giving

4πr2E =
4

3
πr3

ρ

ε0
,

and

E =

(
ρ

3ε0

)
r, r < a.

Applying Gauss’ law to a spherical surface of radius r > a

4πr2E =
4

3
πa3

ρ

ε0
,

and

E =

(
a3ρ

3ε0

)
1

r2
, r > a.

Outside the sphere the potential is given by

φ(r) = −
∫

Edr = −
∫ (

a3ρ

3ε0

)
1

r2
dr,

giving

φ =

(
ρa3

3ε0

)
1

r
+A,

where A is a constant. Choosing the potential to be zero at infinity
gives A = 0, when

φ =

(
ρa3

3ε0

)
1

r
, r > a.

Inside the sphere the potential is given by

φ(r) = −
∫

Edr = −
∫ (

ρ

3ε0

)
rdr

giving

φ = −
(

ρ

6ε0

)
r2 +B,



where B is a constant. The constant B must be chosen so that the
potential is continuous at r = a and hence B = 3ρa2/6ε0 and

φ = (3a2 − r2)

(
ρ

6ε0

)
, r < a.

Chapter 16

E16.1 A long cylindrical rod of radius a of magnetic material is situated
on and parallel to the axis of a long solenoid which has n turns per
unit length and carries a current I . The material of the rod has a
relative permeability which varies linearly with radial distance r from
the axis of the rod, being µ1 at r = 0 and µ2 at r = a. Calculate at
all points within the rod the magnitude and direction of

(a) the magnetic field H ,
(b) the magnetic field B,
(c) the magnetization M .

Solution
The variation of relative permeability with distance r from the axis of
the cylinder is given by

µ =
(µ2 − µ1)

a
r + µ1.

The field H is parallel to the axis and independent of r and can
be determined using Ampere’s law in a way similar to that used in
Section 16.3 to determine the field B.

H = nI.

The field B is given in terms of H by eqn (16.34).

B = µ0nI

(
(µ2 − µ1)

a
r + µ1

)
.

The magnetization M is given by eqn (16.32).

M = nI

(
(µ2 − µ1)

a
r + µ1 − 1

)
.

E16.2 A capacitor has material between its plates with relative per-
mittivity ε = 2 and resistivity ρ = 2 × 108 Ω m. It is charged and
isolated. Find the time taken for the charge to decay to one half its
initial value.
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Solution
If the plates have area S and are separated by a distance d, the
capacitance is C = ε0εS/d, and the resistance across the plates is
R = dρ/S. It can easily be shown that the discharge current varies
with time as I(t) = I0e

−t/RC , hence the time constant for decay is
RC = εε0ρ. The time taken for the current to fall to half its initial
value I0 is t1/2 = 0.693RC = 3.5× 10−3 s.

Chapter 17

E17.1 A conducting disc of radius a is at the centre of a fixed flat
circular coil of radius b much greater than a. The coil has n turns
and is in the same plane as the disc. Sliding contacts are made at the
centre and edge of the disc and connected to the ends of the outer
coil. If the total resistance in the circuit is R, what is the minimum
angular velocity of the disc if a current, once started, will continue to
flow round the circuit?

What will happen if the disc is driven at a higher angular velocity?

Solution
If the current through the coil is I , the field B over the small disc
is given by putting x equal to zero in eqn (16.23) and multiplying by
the number of turns n of the coil.

B =
µ0nI

2b
.

This field is perpendicular to the plane of the rotating disc, and eqn
(17.7) gives the potential difference between the centre and the edge
of the disc as

∆V = 1
2ωBa2,

where ω is the angular velocity at which the disc is rotating. Hence,

∆V = 1
4ωa

2µ0nI

b
.

The potential difference must be sufficient to cause the current I to
flow in the circuit. This requires that ∆V/R be at least equal to I ,
or ω at least equal to 4bR/µ0na

2. If ω is less than this value, the
current will die away to zero. If ω is increased above this value, the
current will continually increase in this idealised example as long as
the resistance remains constant. In a real situation the resistance will
not stay constant but will increase due to heating. This, and other
practical effects, will limit the current.

E17.2 A metal disc of radius a is mounted on an axle parallel to a
uniform magnetic field B. A current I flows through the disc via



contacts at the centre and edge of the disc. Show that the torque on
the disc is BIa2/2.

Solution
The force on an element of current of length dx at a radial distance
x from the centre of the disc is given by eqn (16.24), dF = dx IB,
since the direction of the field B is perpendicular to the direction of
the current. The torque on this element is dτ=dF ×x and the whole
torque is

τ = IB

∫ a

0
xdx = 1

2BIa2.

Chapter 18

E18.1 A switch impresses a steady emf V into a circuit containing an
inductor of value L and a resistor of value R. Show that the initial
rate of growth of the current is independent of R.

At what time after the switch is closed does the current in the
circuit equal 90% of its final value if V = 5 V, R = 100 Ω, and
L = 1 H?

Solution
At time t after the switch has completed the circuit consisting of
inductor, L, and resistor, R, the current is I . The equation relating
V to the voltage drops across R and L is

V = RI + L
dI

dt
.

The solution to this equation for the current (which is zero at t = 0)
is

I =
V

R
(1− e−Rt/L).

The rate of change of current is

dI

dt
=

V

L
e−Rt/L,

and at t = 0, dI/dt = V/L, independent of R.
Substituting values into the above equation for the current gives a

time of 0.023 s for the current to reach 90% of its final value of V/R.

E18.2 The rms voltage of the main electricity supply in Britain is
240 V and its frequency is 50 Hz. In series across this supply are a 5
Ω resistor, a 50 µF capacitor and an inductor whose inductance can
be changed from 0.2 to 0.5 H. The peak voltage across the capacitor
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may not exceed 1000 V. What is the maximum allowable rms current
in the circuit? To what value can the inductance be safely increased?

Solution
When a current of amplitude I0 flows through a capacitor, the voltage
across the capacitor is I0/ωC. If the voltage must not exceed 1000
V, I0 is given by I0 = 103ωC = 5π A. The maximum rms current
allowed in the circuit is thus I0/

√
2 = 11.1 A.

The current through the series L,C,R circuit is given by eqn
(18.40). Substituting into that equation the maximum allowed value
of the current of 5π A, and the given values of ω,C,R and V0 =√
2 × 240 V gives the maximum allowed value of the inductance

L = 0.27H.

Chapter 19

E19.1
A rocket moving horizontally at 108 m s−1 passes two stationary

markers separated by 10 km. Calculate the time interval between the
two encounters as measured by a clock on the rocket.

Solution
In Section 19.3 it was shown that the time interval ∆t′ between two
events at the same place in frame S′ is longer than the time interval
∆t measured in frame S by the factor 1/γ. In frame S′ on the rocket
the posts move by at speed 108 m s−1 and the time difference is
∆t′ = ∆t/γ = 104/1.0607 = 0.943× 10−4 s.

E19.2 The rocket in the above question is 25 m long. It sends out
a light flash simultaneously from its nose and tail. What is the time
interval between the two flashes observed on Earth?

Solution
In frame S′ on the rocket x′

1 = 0 and x′
2 = 25 m. The times for the

two events are equal at t′1 = t′2 = 0. The Lorentz transformations,
eqns (19.16) and (19.19), give x1 = x2 = t1 = 0 and t2 = γV x′

2/c
2 =

2.95× 10−8 s.

E19.3 A star consisting largely of hydrogen atoms has a surface tem-
perature of 104 K and moves at a speed V in a direction perpendicular
to the line of sight of an observer on Earth. Estimate how big V
must be if the transverse Doppler effect is to be detected in a discrete
spectral line?



Solution
Equation (19.61) shows that when V.kd = 0, ie when the star is
moving in a direction perpendicular to the line of sight with speed V ,
the observed wavelength of a line is

λ = γλ0,

where λ0 is the wavelength observed when the source is at rest, and
γ = (1− V 2/c2)−1/2.

This wavelength shift must be greater than the spread in wavelength
of the line due to the Doppler broadening arising from the thermal
motions of the hydrogen atoms. If the average speed of the atoms
is v, much smaller than c, the average total spread in wavelength is
2vλ0/c. For the relativistic Doppler shift of the line to be observed,
it has to be greater than or equal to one half of the total average shift
due to thermal motion. Thus,

λ0(γ − 1) ≥ vλ0/c,

or
(γ − 1) ≥ v/c.

With a surface temperature T of 104 K, using mv2/2 = kBT,
with kB Boltzmann’s constant and m = 1.67× 10−27 kg the mass of
a hydrogen atom, gives v ≈ 1.29 × 104 m s−1. The above equation
then determines the minimum value of V to be ≈ 2.8× 106 m s−1.
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