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Many of the basic physical facts concerning electricity and mag-
netism have been discussed in Chapters 15 to 17 of this book. Some
were expressed in mathematical laws or equations; others were stated
as facts about properties of the electric and magnetic fields.

Gauss’ law obeyed by the electrostatic field is eqn (15.19)∫
[S]
E.dS =

q

ε0
, (D.1)

where q is the total charge within the volume enclosed by the closed
surface [S] and ε0 is the permittivity of free space.

One of the first observations made on the magnetic field B was
that lines of the field B are continuous; there are no sources of the
magnetic field analogous to electric charges. From this observation it
follows that the total flux of the field B out of a closed surface [S] is
zero. ∫

[S]
B.dS = 0. (D.2)

Ampère’s law for the line integral of the field B around a closed
loop is eqn (16.15). ∮

B.dl = µ0I, (D.3)

where I is the total current from all sources flowing through any
surface drawn around the closed loop and µ0 is the permeability of
free space.

Faraday’s law for the induced electric field which arises when
magnetic fields change with time is eqn (17.10).∮

E.dl = −dΦ

dt
, (D.4)

where Φ is the magnetic flux through the closed loop over which the
line integral of the electric field is taken.

These four equations are the basis of the theory of electromag-
netism. It may be noted that whereas eqn (D.4) indicates that a
changing magnetic field gives rise to an electric field, there is nothing
in the equations to suggest that a changing electric field may give rise
to a magnetic field. The equations in that respect lack symmetry.
However, the equations may be incomplete because Ampère’s law was
deduced from observations on steady or slowly varying currents which
gave rise to steady or slowly varying electric and magnetic fields.

There is a more fundamental problem with eqn (D.3). It was
formulated to apply to any surface terminating on the closed loop but
that requirement is violated in many situations when currents change
with time. This break-down of the law is closely connected with
the principle that electric charge is a conserved quantity which can



D.1 The equation of continuity

Electric charge is a conserved quantity

neither be created or destroyed in an isolated system. These problems
are addressed in the first two sections of this appendix, where we
discuss the needed modifications to the above four equations. We
then proceed to consider some consequences of the final equations,
one of the most important of which is the prediction and description
of electromagnetic waves, first met in Chapter 8.

There is ample evidence showing that the charge of an isolated system
is constant.

There are no known violations of this principle which is on a par
with the principles of conservation of energy and momentum. Electric
charge is in a sense more special than momentum and energy. We do
not have to redefine charge for moving observers. As well as being
conserved, it is relativistically invariant and all observers in uniform
relative motion measure the charge on a body to be the same. We will
not pursue relativistic aspects of electricity and magnetism. We will
examine the implications of the principle of conservation of charge.
This principle has far-reaching consequences for electromagnetism.

The current through a surface is given in terms of the current
density j by eqn (16.1), I =

∫
S
j.dS. Now let the surface be a closed

surface [S] enclosing a volume V . When a steady current flows, as
much charge enters the volume in a time interval dt as leaves, and
the total current, the flux of the vector j over the surface, is zero.
Conservation of charge then tells us that the total charge within the
volume stays the same.

If the charge within the volume is changing, there is a net outflow
of current over the surface [S] and

∫
[S] j.dS is not zero. The quantity∫

[S] j.dS dt equals the loss of charge in V in the time interval dt.
Thus, knowing that charge is conserved, we may write

∫
[S]
j.dS dt = −

∫
V

(
∂ρ

∂t

)
dt dτ,

where dτ is an infinitesimal volume element, dx dy dz in Cartesian
coordinates. From this equation

∫
[S]
j.dS = −

∫
V

(
∂ρ

∂t

)
dτ. (D.5)

Equation (D.5) is called the equation of continuity and must be
obeyed for any volume V defined by a closed surface [S].

THE EQUATION OF CONTINUITY 783



784 APPENDIX D: ELECTROMAGNETISM

Equation (D.5) is an integral equation, that is it involves integrals
unlike a differential equation which relates derivatives. It may be put
in the form of a differential equation which is obeyed at all points
in space in a straightforward manner, as shown in the mathematical
insert below.

Consider an elementary volume element which is a cube with sides
dx,dy and dz, centred on the point with coordinates x, y and z as in
Fig D.1. Let the charge density within the cube, which varies with
time, be ρ(x, y, z, t) at time t. At time (t+ dt) the charge density is

ρ(x, y, z, t+ dt) = ρ(x, y, z, t) +
∂ρ

∂t
dt.

The change in the amount of charge within the volume element in
time dt is thus

(∂ρ/∂t) dt dτ, (D.6)

where dτ is the volume dx dy dz of the cubic volume element.

Since charge is conserved, the change in charge within the cube
must equal the net charge inflow over the faces of the cube.

Let the current density be j(x, y, z). The current flowing into the
cube in the x-direction in time dt over the face with area by dy dz
at (x − dx/2, y, z) is then jx(x − dx/2, y, z) dy dz dt, and the net
current into the cube in the x-direction in time dt is

jx

(
x− 1

2
dx, y, z

)
dy dz dt−jx (x+

1

2
dx, y, z

)
dy dz dt

= −∂jx
∂x

dx dy dz dt.

Similar reasoning for the net charge flows in the y- and z-directions
gives the result that the net flow of charge into the cube over all faces
is

−
(
∂jx
∂x

+
∂jy
∂y

+
∂jz
∂z

)
dτ dt. (D.7)

Conservation of charge now requires that the expressions (D.6)
and (D.7) be equal and we have the equation of continuity(

∂jx
∂x

+
∂jy
∂y

+
∂jz
∂z

)
+
∂ρ

∂t
= 0. (D.8)

Equation (D.8) is a partial differential equation which holds at every
point in space relating the charge density and the current density. It
is the mathematical expression of charge conservation.

Fig. D.1 A cube with sides dx, dy
and dz centred on the point
(x, y, z) in a region of space where
there is  a current density j.



Having established the equation of continuity we can now highlight
a problem with Ampere’s law, eqn (D.3), when applied to situations
involving charge distributions and currents which change with time.

First, we repeat that Ampere’s law relates the line integral of the
field B around a closed loop to the total current through any surface
drawn around the loop. Ampere’s law was derived from experiments
on steady currents and conservation of charge required that the integral
of the current density over any surface terminating on a fixed loop
be the same and equal to the current through the loop. For example,
consider Fig D.2 in which a steady current I flows in a wire. The
two different surfaces S1 and S2 both terminate on the closed loop s
shown, and an equal current I passes through both surfaces.

Now look at Fig D.3 in which a capacitor is discharging through
a resistor. The surface integral of the current density over surface
S2 terminating on the loop s shown equals I . The current I is the
rate of change of charge on the positive plate as required by charge
conservation, for if we make the loop vanishingly small, the integral of
the current density over what is now a complete surface surrounding
the capacitor equals the discharging current, the rate of change of
charge within the volume enclosed by the closed surface. Making
the loop s of non-zero size, as in the figure, does not change this
conclusion since there is no free current over the surface S1.

Now consider the implications of there being no free current
anywhere over the surface S1 which also terminates on the loop.
Ampere’s law is not satisfied because the surface integrals overS1 and
S2, which should be the same, are not the same. The law thus has to
be modified to cope with changing charge distributions and current
densities.

We now discuss the modification to Ampere’s law. The right-hand
side of eqn (D.5) may be written

− ∂
∂t

∫
V

ρdτ,

since the same value is obtained whatever the order of integration or
differentiation. Hence

∫
[S]
j.dS = − ∂

∂t

∫
V

ρdτ = −∂q
∂t
, (D.9)

where q is the total charge in the volume V . Gauss’ law, eqn (15.19),
tells us that the total charge q within V is related to the total outward
flux of the electric field E by the relation

q

ε0
=

∫
[S]
E.dS.

D.2 Displacement current
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Fig. D.2 Two surfaces S1 and S2
which both terminate on the
closed loop s and through which
the same current I flows

Fig. D.3 A capacitor discharges
through a resistor R. The closed
loop s within the body of the
capacitor bounds two different
surfaces S1 and S2. The current I
flows through the surface S2 but
not through S1.
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Substituting for q into eqn (D.9) gives

∫
[S]
j.dS = − ∂

∂t

(∫
[S]
ε0E.dS

)
= −

∫
[S]
ε0
∂E

∂t
.dS. (D.10)

When charge distributions and fields do not change with time,
the right hand side of eqn (D.10) is zero and the net current out
of the closed surface is zero. There may be a current but it is a
steady current, and as many free charges enter the volume as leave
it. When charge distributions and fields do change with time, the
integral of the current density vector over the surface is non-zero but
it is equal and opposite to the rate of change of the integral over
the surface of the field E multiplied by ε0. The term ε0(∂E/∂t) in
eqn (D.10) corresponds to a different source of current density to the
sources which give rise to movements of free charges. This type of
current density is called the displacement current density and the
corresponding current is called the displacement current.

Now that an additional source of current has been identified it
is natural to formulate a theory in which displacement current is
included in Ampère’s law, eqn (D.3). The simplest expression to try
is ∮

B.dl = µ0 (If + Id) , (D.11)

where If is the current from the motion of free charges and Id is
the displacement current. Writing the currents in terms of integrals
of current densities over any surface S terminating on the loop over
which the line integral is taken∮

B.dl = µ0

∫
S

jf .dS+ µ0

∫
S

jd.dS, (D.12)

where jf is the current density due to the motion of free charges and
jd the displacement current density given by

jd = ε0

(
∂E

∂t

)
. (D.13)

The directions of the vectors dS in eqn (D.12) are given by the
sense of traversal of the loop when evaluating the line integral of the
field B around the loop, together with the right-hand screw rule.
Consider the steady current situation shown in Fig D.2. Looking at
the figure from the left, if the loop is traversed clockwise, the vectors
dS are normal to the surfaces S1 and S2 but point towards the right
with no component to the left. This gives the line integral of the
field B positive, equal to the surface integral of the current density
over S1, with the direction of the current shown. The line integral
is also positive, as it must be, when the surface integral is taken over
S2, for the vectors jf and dS2 are also in the same direction.



DISPLACEMENT CURRENT 787

The positive sign used in eqn (D.13) has to be justified. Consider
the discharging capacitor in Fig D.3. Traverse the loop clockwise, again
looking at it from the left. The line integral of the field B is positive,
as before, when we evaluate the integral over S2 of the free current
density jf . Hence the integral over the surface S1 of the displacement
current density must also be positive for the modified equation (D.13)
to be acceptable. The field E is to the left, from positive plate to
negative plate, but is decreasing as the capacitor discharges. Thus
∂E/∂t is to the right with displacement current density defined by
eqn (D.13). The vectors dS are to the right making the surface integral
of jd over S1 positive, in accordance with the modified Ampère’s law.

We now show that jf and jd both give the same answer for the
line integral of B in the example of the discharging capacitor. We
assume the capacitor has a large area S and neglect edge effects. The
displacement current density inside the capacitor is in the direction of
the rate of change of the field E. The direction of the electric field is
perpendicular to the plates and from the positive plate to the negative
plate. It has magnitude q/Sε0 where q is the total charge on each
plate. The displacement current density is thus

jd =
∂q

∂t

1

S
,

to the right, and the displacement current is

Id = jd × S =
∂q

∂t
= If ,

where If is the instantaneous discharge current. The displacement
current thus equals the current from the motion of free charges and
the integral of the free current density over the surface S2 is equal to
the integral of the displacement current density over the surface S1.

The addition of displacement current to Ampère’s law makes the
law applicable to situations involving accelerated charges as well as to
steady currents. This modification, together with the three unmodified
equations (D.1), (D.2) and (D.4) cited in the introduction, constitute
a theory of electricity and magnetism which is able to describe all
electromagnetic phenomena so far investigated.

Worked Example D.1 An isolated capacitor with circular plates of area
S and radius much greater than their separation is initially charged but
internal leakage gives a real current across the plates which eventually
discharges them. Show that this leakage current gives no magnetic
field. (Assume an ideal capacitor with no edge effects).

Answer Figure D.4 shows the electric field inside the capacitor at a
certain time t during the discharge. The discharge current due to the

Fig. D.4 The direction of the
discharge current is from the
positive plate to the negative. The
direction of the displacement
current is that of the rate of
change of the electric field. This
direction is from the negative
plate to the positive.
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motion of free charges across the plates is from the positive plate to
the negative, as is the direction of the electric field. The free current
through the closed loop shown on the diagram which has its centre
on the line joining the mid-points of the plates is

If = −πr
2

S

∂q

∂t
,

where q is the charge on the plates at time t. The negative sign
occurs because the charge is decreasing. Equation (D.11) gives the
line integral of the field B over the closed loop as

∮
B.dl = µ0 (If + Id) ,

where Id is the displacement current through the loop. This current
is

Id = πr2ε0
∂E

∂t
=
πr2

S

∂q

∂t
.

The displacement current through the loop has magnitude equal to
that of the free charge current. However, it is in the opposite direction
and the total current is zero. Hence the line integral of the fieldB is
zero. This does not always imply that B is zero at all points round
a loop, but in this case symmetry requires that B be the same at
all points and tangential to the circular loop. Also, the conclusion is
independent of the radius of the loop and so we conclude that the
field B is zero everywhere.

The displacement current depends on how rapidly the electric
flux is changing and in many situations has very little influence on
observed fields. For slowly varying currents eqn (D.3) is usually
perfectly adequate.

Worked Example D.2 A current at a frequency of 50 Hz, the fre-
quency of the main supply in the UK, passes down a copper wire.
Determine the ratio of the amplitude of the free current density in
the wire to that of the displacement current density. The electrical
conductivity of copper is 5.9× 107 (Ω m)−1.

Answer The current density of free charges is equal to the electric
field E0 cos(ωt) multiplied by the electrical conductivity of the wire.
This gives

jf = σ E0 cosωt = j
0
f cosωt,

with ω the angular frequency of the electric field which has amplitude
E0. The displacement current density is



ε0

(
∂E

∂t

)
= −ωε0 E0 sin(ωt) = j

0
d sinωt.

Hence the ratio of the amplitude of the free current density to that
of the displacement current density is(

j0f
j0d

)
=

(
σ

ωε0

)
.

Substitution of values into this expression gives the ratio greater
than 1016. This is not the complete description of the influence of
displacement current in this example because the electric field and thus
the displacement current density extend outside the wire. However,
at 50 Hz the displacement current in the wire is negligible compared
with the current from free charges.

When fields are varying rapidly, especially when the free current
density is zero, as in free space, the influence of displacement current
may be very important. The modification of Ampère’s law by the ad-
dition of the displacement current density given in eqn (D.13) restores
a degree of symmetry to the electromagnetic equations. Faraday’s law
indicates that an electric field accompanies a changing magnetic field.
Equations (D.12) and (D.13) indicate that a magnetic field accompanies
a changing electric field, and this has profound implications.

Because they are a set of equations which constitute a complete theory
of classical electromagnetism, we give them here in the integral form
in which we have been discussing them.

∫
[S]
E.dS =

q

ε0
, (D.1)

∫
[S]
B.dS = 0. (D.2)

∮
B.dl = µ0

∫
S

jf .dS+ µ0

∫
S

jd.dS, (D.12)

∮
E.dl = −dΦ

dt
, (D.4)

The symbols have the meanings given in earlier discussions. The
above four equations are known asMaxwell’s equations. James Clerk
Maxwell, beginning in 1862, formulated the theory of electromagnetism

D.3 Maxwell’s equations

MAXWELL’S EQUATION 789
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D.4 Electromagnetic waves

In this section we discuss the simplest type of electromagnetic waves in
free space. We will often use the abbreviation EM for electromagnetic
waves in the remainder of this appendix. Static charge distributions
give rise to electrostatic fields and steady currents give rise to steady
magnetic fields. When charges accelerate, as they must when currents
and charge distributions change with time, EM waves are radiated.

Consider points in free space far from a source of waves. In free
space there are no charges or currents and Maxwell’s equations become

∫
[S]
E.dS = 0, (D.14)

∫
[S]
B.dS = 0, (D.15)

∮
B.dl = ε0µ0

∫
S

∂E

∂t
.dS, (D.16)

in which the displacement current term was added to Ampère’s law
to complete a theory which has successfully described all observations
so far made on macroscopic electricity and magnetism.

Maxwell’s equations can be written in terms of differentials, when
they make a set which has to be obeyed at all points. Given charge
and current distributions and boundary conditions in any problem, the
differential equations can (in principle) be solved to give the fields E
and B everywhere.

Pursuit of Maxwell’s equations in differential form is beyond the
scope of this book. However, it can be seen that there is an increased
degree of symmetry in the equations resulting from the addition of
displacement current. A time-varying B field gives rise to an electric
field, now we see that a rapidly-varying electric field gives rise to a
magnetic field. This in turn gives rise to phenomena which have
not been discussed in Chapters 15 to 17. When charges and currents
change rapidly, solutions to Maxwell’s equations arise in which related
time varying E and B fields in regions of space combine to induce E
and B fields in regions of space farther from the changing charges and
currents. The related E and B fields move away from the sources
at a speed determined by the field equations. These related fields are
electromagnetic waves, and in free space they move at the speed of
light in free space c. They were introduced in Section 8.2, where it
was pointed out that these waves are responsible for a wide variety of
phenomena and the electromagnetic spectrum was illustrated.



∮
E.dl = − d

dt

∫
S

B.dS, (D.17)

Using the techniques of vector calculus, which will not be dis-
cussed, the above equations can be manipulated to give differential
equations which the fields E and B must separately obey. These
equations are analogous to the one-dimensional wave equation intro-
duced in Section 7.1. The simplest solutions to the EM wave equation
are monochromatic plane waves, in which the fields E and B vary
harmonically in time, but vary in only one spatial direction, that in
which the wave is moving. The mathematical expression, eqn (8.10),
describes a monochromatic plane wave moving in the z-direction.
The electric field is a vector with amplitude equal to the magnitude of
E0. The field oscillates in time with angular frequency ω and varies
sinusoidally with distance z with a wavenumber k. The field does
not vary in the x- or y- directions.

Equation (8.10) is the simplest solution of the one-dimensional
wave eqn (8.11) for the electric field in an EM wave.

∂2E

∂t2
= c2

∂2E

∂z2
. (D.18)

Using plane waves, many aspects of EM waves were considered in
Section 8.2 and following sections of Chapter 8.

The speed c of the waves in free space is related to the constants
ε0 and µ0 in Maxwell’s equations, since these are the only quantities
other than fields which occur in the theoretical equations in otherwise
empty space. The expression 1/

√
ε0µ0, can readily be shown to have

the dimensions of speed, and is indeed the required speed of EM
waves in free space.

c =
1√
ε0µ0

. (D.19)

At the present time, the speed c and the permeability of the vacuum
µ0 are defined to have specific numerical values in MKS units, leaving
the permittivity of the vacuum ε0 to be calculated via the relation
ε0 = (µ0c

2)−1. (See Appendix C of the main text).

As mentioned in Section 8.2, EM waves moving at speed c in space
are met all the time. Visible light travels with the speedc and consists of
electromagnetic waves of different frequencies. Electromagnetic waves
of greatly different frequencies, from radio waves with frequencies
∼ 105 Hz, to ultra-violet light with frequencies ∼ 1015 Hz just above
the visible band and X-rays of yet higher frequency all travel at the
same speed c in free space, and the fields in all such waves obey
Maxwell’s equations (D.14) to (D.17).

In the following sub-sections we will show that the fields E and
B in an EM wave are perpendicular to the direction of propagation,

and

ELECTROMAGNETIC WAVES 791
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and to each other. We will discuss polarization of EM waves and
will derive a relationship between the amplitudes of the electric and
magnetic fields.

The cube shown in Fig D.5. is centred on the point (x, y, z) and has
sides of lengths dx,dy and dz lying along the x-, y- and z-axes. We
will consider the outward flux of the electric field of a monochromatic
plane wave over the closed surface of the cube. The electric field in
the wave is represented by the expression

E = E0 cos(ωt− kz),
where E0 is a vector of fixed magnitude giving the amplitude of the
field, but lies in an arbitrary direction. Our aim is to show that the
vector E0 must lie in the x-y pane, perpendicular to the direction of
propagation of the wave.

Let E0 have components E0x, E0y and E0z in the x, y and z
directions respectively. Since the field does not change in the x-
and y- directions the inward and outward fluxes cancel over faces
ABCD and PQRS, and the in and out fluxes cancel over the bottom
and top faces APSD and BQRC. The field does change in the z-
direction, and there is a net flux, in or out, over faces ABQP and
DCRS proportional to the component E0z . However this contravenes
eqn (D.14) which indicates that the flux is zero. The only way to
resolve this disagreement is for the component E0z to be zero.

A similar argument holds for the field B and hence the electric
and magnetic fields in an EM plane wave are perpendicular to
the direction of propagation.

D4.1 Fields normal to wave direction

D4.2 Electric field orthogonal to magnetic field

Consider a monochromatic, plane wave with the electric field vector
in the x-direction. The line integral of the electric field around the
closed loop shown in Fig D.6 is equal to the negative of the time
derivative of the magnetic flux through the surface of the loop, by
eqn (D.17). The loop is a rectangle in the x-z plane with sides AP
and SD, each of length dx parallel to the x-axis. At a particular time
t there are unequal contributions to the line integral of the electric
field around the loop from the sides AP and SD because of the field
variation in the z-direction. There are never any contributions from
sides PS and DA since the field E is always perpendicular to those
sides. The left-hand side of eqn (D.17) is thus non-zero.

Let the magnetic field in the wave be given byB = B0 cos(ωt−kz).
We have already shown that the vector B0 is in the x-y plane but so

Fig. D.5 The total outward flux of
the field E is evaluated over the
surface of the cube shown. The
cube has sides dx, dy and dz.

Fig. D.6 The line integral of the
electric field E, which oscillates
along the x-axis, is evaluated over
the rectangular loop APSD which
has sides dx and dz.
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far have not specified its direction with respect to that of the field E.
In order for the time derivative of the surface integral of the field B

A plane wave in which the electric field vector lies in a single direction
is said to be linearly polarized. The electric vector always oscillates
in the same plane and because of this a linearly polarized wave is
sometimes called a plane-polarized wave. Such a wave would result far
away from a current oscillating in a straight wire. A monochromatic
wave would require the current to vary harmonically at only one
frequency. Monochromatic waves are never actually realised in nature;
a narrow group of waves (see Section 7.6) is a close approximation to
a plane wave. The mathematical description of EM waves in terms of
plane waves is simple and allows us to discuss many of the features
of electromagnetism without complicated formalism.

Electric fields superpose; the resultant of two fields is the sum
of the two. If two linearly polarized waves which have the same
frequency and direction of polarization are superposed, the resultant is
always a plane polarized wave with the E field in the original direction.

If two linearly polarized waves of the same frequency in which
the E fields are in different directions are superposed, the resultant
depends upon the phase difference between the waves. If the phase
difference is zero or π, linear polarization results in which the direction
of the electric field is changed. Consider two waves moving in the
+z-direction, one with the E field oscillating in the x-direction with
amplitude E0x, the other with the E field in the y-direction with
amplitude E0y . The resultant is

over the area APSD to be non-zero, and thus to satisfy eqn (D.17),
the vector B0 has to have a component B0y .

If B0 had a component B0x, we could construct a loop in the
y-z plane over which the time derivative of the integral of the field
B over the surface of the loop were non-zero. In order to satisfy eqn
(D.17) the line integral of the field E around the loop would have to
be non-zero. But this is not possible for a wave in which the field
E is in the x-direction, since E is always perpendicular to the sides
of the loop and the line integral is always zero. Hence if the electric
field is in the x- direction, the magnetic field is in the y-direction
and the two fields are perpendicular to each other.

Detailed arguments along the above lines show that the electric
and magnetic fields in a plane wave are in phase, and the direction
of the B field is related to that of the E field by the right hand
rule of Section 16.2. Looking at Fig 16.4, if the thumb is in the
direction of the electric field, and the middle finger is in the direction
of propagation of the wave, the forefinger gives the direction of the
magnetic field.

D4.3 Polarization

ELECTROMAGNETIC WAVES 793
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The above two waves have zero phase difference and their resultant

D4.4 Relation between B and E

oscillates along a line making an angle θ with the x-axis given by
tanθ = E0y/E0x. This is illustrated in Fig D.7. If the waves are out
of phase by π the + sign in the formula for the resultant is replaced
by a − sign and the angle is given by tan θ = −E0y/E0x.

States of polarization other than linear may be obtained by adding
two or more fields with different directions and phase differences
which are not zero or π. Circular polarization is obtained if two
fields of equal amplitude E0 and linearly polarized in perpendicular
directions but with phases differing by π/2 are added. Choosing
the polarization directions to be along the x- and y-directions, the
resultant is

E = iE0 cos(ωt− kz)− jE0 cos(ωt− kz − π/2),
which is equivalent to

E = iE0 cos(ωt− kz)− jE0 sin(ωt− kz).
When the component along the x-axis is a maximum, the component
along the y-axis is zero, and vice versa. In a circularly-polarized
wave the electric field has constant magnitude but its direction is
continually varying. Looking at the above wave as it comes towards
you, the resultant electric field at a fixed distance z is rotating clockwise
with angular frequency ω, as can readily be verified by examining the
resultant field at z = 0 as time progresses from zero to t = π/2ω to
t = π/ω. The resultant wave is said to be right-circularly polarized
or to have right-handed circular polarization. This is illustrated in Fig
D.8.

If the two waves to be added have phase difference such that

E = iE0 cos(ωt− kz)− jE0 cos(ωt− kz + π/2),
equivalent to

E = iE0 cos(ωt− kz) + jE0 sin(ωt− kz),
the resultant is left-circularly polarized.

If the waves added have unequal amplitudes, or phase differences
which are not multiples of π/2, the resultant electric field vector rotates
with its magnitude varying during the revolution. Its magnitude plotted
on a polar diagram traces out an elliptical path whose shape depends
on the amplitudes and phases of the components.

Armed with knowledge from Section D4.2 of the relative orientations
of the fields E and B and the direction of motion of a plane wave,
we may now derive the relationship between the magnitudes of the
fields. Equation (D.16) is a relationship which these fields must obey.

Fig. D.7 The resultant electric field
of two linearly polarized waves in
which the fields oscillate in phase
in perpendicular directions is a
linearly polarized wave which
makes an angle θ with the x-axis.
The diagrams show the resultant
at position z = 0 of two such fields
which oscillate along the x- and y-
axis with amplitudes E0x and E0y.
The resultants are shown at a time
t = 0 when the fields have their
maximum values and at a later
time ∆t with 0 < ∆t <π/2ω.

Fig. D.8 The diagram shows the
direction of the electric field in the
circularly-polarized wave E = iE0
cos (ωt – kz) – jE0sin (ωt – kz) as
time increases from zero. The
diagram shows  the field ob-
served at the fixed position z = 0,
but the conclusion that a field of
fixed magnitude rotates clockwise
as seen by someone towards
whom the wave is moving is valid
for arbitrary z.



∮
B.dl = ε0µ0

∫
S

∂E

∂t
.dS, (D.16)

Consider a plane wave moving in the z- direction with electric
field along the x- axis and magnetic field along the y- axis as shown on
Fig D.9. We apply eqn (D.16) over the small rectangular area ABCD
shown, which lies at position z in the y-z plane and has sides of
length dy and dz. The left-hand side of eqn (D.16) has contributions
only from sides AB and CD and at time t is

B(t, z)dy −B(t, z + dz)dy = −∂B
∂z

dydz.

The right-hand side is ε0µ0 times the time derivative of E(t, z)
multiplied by the area dydz of the rectangle. Hence,

−∂B
∂z

dydz = ε0µ0
∂E

∂t
dydz.

The fields in the wave are E = E0x cos(ωt − kz) and B =
B0y cos(ωt− kz), and the above equation reduces to

kB = ε0µ0ωE.

But c2 = 1/ε0µ0 and ω/k = c, so finally

B =
1

c
E. (D.20)

The magnetic field in an EM wave in free space has magnitude equal
to the magnitude of the electric field divided by the speed of light
in free space. If the amplitude of the electric field is 3 V m−1, the
amplitude of the magnetic field is 10−8 T.

Exercise D.1 A plane electromagnetic wave travelling in vacuum is
given by E = E0cos(ωt − kz). The frequency is 5 MHz and the
peak electric field is 0.5 V m−1. Calculate the peak emf induced in a
circular coil of 20 turns each of area 0.5 m2 when the coil is oriented
so that the electric vector in the wave lies in the plane of the coil.
(Note that the wavelength of the wave is much greater than the radius
of the coil).

Answer emf = 0.52 V.
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Fig. D.9 The line integral of the
magnetic field B, which oscillates
along the y-axis, is evaluated over
the rectangular loop ABCD which
has sides dy and dz.
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An EM wave carries energy through space from its sources, which are
changing charge and current distributions, ie accelerated charges. The
energy arises from the agency which caused the accelerations. The
average energy flow per unit area per second, N , in a plane wave in
space can be calculated by determining the average energy contained
in a box of length c, the speed of the wave in free space, and unit
cross-sectional area. All this energy on average flows through the end
of the box each second.

The energy stored in an electrostatic field was discussed at the end
of chapter 15. Equation (15.53)

U = 1
2

∫
V

ε0E
2 dV

gives the energy U stored in a volume V throughout which there is
a field E. The energy stored in a steady magnetic field was discussed
in Section 17.3. Equation (17.25)

U = 1
2

∫
V

B.H dV

gives the energy stored in a volume V throughout which there are
steady magnetic fields B and H . In free space B = µ0H , and the
above equation becomes

U = 1
2

∫
V

B2

µ0
dV.

These expressions for the energy stored in steady fields are also
valid at any particular time for fields which vary with time. We can
now work out the average energy stored in a box of length c and
unit cross-sectional area when a monochromatic, plane EM wave is
present. The average value of E2 is everywhere constant and equal
to 1

2E
2
0 , where E0 is the amplitude of the electric field. The average

value of B2 is everywhere constant and equal to 1
2B

2
0 , where B0 is

the amplitude of the magnetic field. Hence, the average stored energy
in the box is

1
4 (ε0E

2
0 +B2

0/µ0)× c.
This energy crosses the end of the box every second, since the energy
in the wave moves at speed c, and thus the rate at which energy flows
past unit area when a plane wave is present is

N = 1
4c(ε0E

2
0 +B2

0/µ0),

D.5 Energy and momentum in
electromagnetic waves



and using eqn (D.20)

N = 1
2cε0E

2
0 = 1

2cB
2
0/µ0. (D.21)

Exercise D.2 Show that the average energy per unit volume stored in
the electric field of a plane wave in free space is equal to the average
energy stored in the magnetic field.

Worked Example D.3 The magnetic field of a monochromatic plane
wave in vacuum is

B(r, t) = (Bxi+Byj+Bzk) cos(ωt− 2x− 3y + 2z),

where x, y and z are in metres.

(a) Determine the unit vector in the direction of propagation of
the wave, the wave vector kd.

(b) If Bx and By are both equal to 5× 10−9 T, find Bz .

(c) What is the average energy crossing unit area per second in the
direction of the wave?

Answer (a) Writing the wave in terms of the wave vector kd we have

B(r, t) = (Bxi+Byj+Bzk) cos(ωt− r.kd).

Hence
r.kd = kxx+ kyy + kzz = 2x+ 3y − 2z

and the wave vector is (2, 3, −2).

(b) The field B has no sources and as many lines of the field flow
into a closed surface as flow out. The magnetic flux over a closed
surface [S] is zero and ∫

S

B.d[S] = 0.

This is true of any closed surface and we may apply it to an elementary
cube with sides dx, dy, dz at position (x, y, z). Resolving the field
into components Bx, By and Bz , the flux entering the cube over the
face with area dy dz at (x, y, z) is Bx(x) dy dz and the flux leaving
the face at (x + dx, y, z) is Bx(x + dx) dy dz. The net flux in the
x-direction is thus

−∂Bx

∂x
dxdydz.

Similar expressions apply for the net flux in the y-direction and in
the z-direction and the total flux out of the cube is

−
(
∂Bx

∂x
dxdydz +

∂By

∂y
dxdydz +

∂Bz

∂z
dxdydz.

)
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But the total flux is zero, hence

∂Bx

∂x
+
∂By

∂y
+
∂Bz

∂z
= 0.

No particular choice of x, y or z has been made and the above
equation holds everywhere. Applying it to the wave given in the
question, we have

∂Bx

∂x
= −2Bxcos(ωt− 2x− 3y + 2z)

∂By

∂y
= −3Bycos(ωt− 2x− 3y + 2z)

and
∂Bz

∂z
= +2Bzcos(ωt− 2x− 3y + 2z).

Thus,
2Bx + 3By − 2Bz = 0,

and if Bx and By are both equal to 5× 10−9 T,Bz = 1.25× 10−8 T.

(c) The wave is moving in the direction of the wave vector kd and
the average energy N crossing unit area per second in this direction is
given by eqn (D.21). Since H = B/µ0, N = 1

2EB/µ0. But B = E/c,
and hence

N = 1
2

cB2

µ0
= 1

2

c(B2
x +B2

y +B2
z )

µ0
,

and using the values of the field components determined in (b) we
find that N ∼ 0.025 W m−2.

As discussed in Section 9.3, for many purposes the energy in an
EM wave may be considered to reside in quanta or packets of energy
called photons. When the frequency of the classical EM wave is ν,
the energy E of the photons is given by eqn (9.8). E = hν where h is
Planck’s constant. For a plane wave of frequency ν and electric field
amplitude E0 the power per unit area is given by eqn (D.21), and for
this power the corresponding number of photons crossing unit area
per second n is equal to

n = 1
2

cε0E
2
0

hν
.

A radio signal from a typical radio transmitter may have a signal
of amplitude ∼ 10−5 W m−2 at a position several kilometres from
the antenna. If the station is transmitting on a frequency of 106 Hz,
there are about 2× 1014 photons per second crossing unit area at that
position. Each photon has an energy of 6.63× 10−28 J, equivalent to
about 4× 10−9 eV. When the EM field has a frequency as low as in
this example it is almost invariably more suitable to treat the fields
classically.



momentum p is given in terms of Planck’s constant, the speed of light
and their energy by eqn (9.10a), p = E/c, and in terms of Planck’s
constant and their wavelength by eqn (9.10b), p = h/λ. The first
equation follows from the relativistic relation (19.45) between the rest
mass, momentum and the total energy of a particle. The second from
the relation between frequency, speed and wavelength of the waves.

Since they have momentum, when photons are absorbed by or
reflected off an object they exert a pressure on that object. This
pressure is called radiation pressure. Since p = E/c, the average
momentum crossing unit area per second is the average energy crossing
unit area per second, N , divided by c. If an EM wave at a frequency
near or below the visible part of the EM spectrum is incident upon
a metal, almost all of the wave is reflected. In that case, the total
change of momentum per second per unit area at the metal surface,
which is the pressure P on the surface, is 2N/c, and

P = ε0E
2
0 , (D.22)

from eqn (D.21).

About 1300 W m−2 falls on the Earth from the Sun. In order to
estimate the radiation pressure let us make the assumption that this
energy falls in the form of a plane wave. If E0 is the amplitude of
the electric field in the wave,

1
2cε0E

2
0 = 1300,

from eqn (D.21). This gives E0 ∼ 103 V m−1. Assuming that all of
the radiation falling on the Earth is absorbed, the radiation pressure
is about half that given by eqn (D.22), or about 10−5 N m−2.

In addition to carrying energy from one point to another the EM
radiation field carries momentum. Photons have zero mass, but their

In this section we recapitulate briefly some other phenomena involving
EM waves. These have already been treated in earlier chapters of the
book, but are summarized here in order that they all lie in a convenient
location within this appendix on electromagnetism. The topics will
be treated briefly, and reference made to equations or sections of the
book where they are considered in more detail.

D.6 Some other electromagnetic-wave
properties

D6.1 Relation between B and E

When an EM wave is incident upon a plane boundary between air
and a transparent dielectric, part of the wave is reflected and part
transmitted. The transmitted wave changes its direction and is usually
b d h l h f h d b
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g y
bent towards the normal to the surface. The wave is said to be
refracted. The angle of incidence θ of the wave is the angle the
rays representing the wave make with the normal to the surface. The
angle of refraction φ is the angle the refracted rays make with the
normal. This is shown in Fig 8.5. The relation between θ and φ is
given in terms of the refractive index n of the medium by Snell’s law
eqn (8.18).

sin θ

sinφ
= n.

For condensed matter n is greater than unity and the wave is refracted
towards the normal.

The electromagnetic properties of a medium vary with frequency,
and n and the absorption properties of a dielectric vary greatly over
the EM spectrum.

D6.2 Reflection

Reflection of EM waves takes place whenever a wave meets a boundary
between two media. For a wave incident in air (in which the
low density of molecules makes it equivalent to free space for most
purposes) the reflection may sometimes be almost complete, ie the
amplitude of the reflected wave equal to that of the incident, as
for infra-red waves incident on a good metal. In other situations
the reflection may be such that a significant fraction of the incident
intensity passes into the medium while the remainder is reflected, as
for a visible wave incident on glass. Sometimes the reflection is very
small, as when an infra-red wave is incident upon a black body.

The reflection coefficient, the ratio of the squares of the amplitudes
of the reflected and incident waves, depends upon the properties of the
medium on which the wave is incident, the surface properties of the
boundary and the frequency of the wave. For a plane wave incident
normally upon the smooth surface of a non-conducting, transparent
medium with refractive index n, R is given by eqn (8.29)

R =

(
n− 1

n+ 1

)2

.

For a plane wave incident at an angle of incidence θ upon a smooth,
plane surface separating air from a condensed medium, the reflection
is such that the angle of reflection equals the angle of incidence. The
angle of reflection is the angle the reflected ray makes with the normal.

D6.3 Waves in media and dispersion

Monochromatic, electromagnetic waves passing through isotropic, ho-
mogeneous media move at a phase velocity vp given by



(D.18) but with the speed c replaced by the speed vp. The speed vp
is given by

vp =
1√
εµε0µ0

, (D.23)

with ε the relative permittivity of the medium introduced in eqn
(15.51) and µ the relative permeability of the medium introduced in
eqn (16.34). Thus,

n =
√
εµ, (D.24)

or since the relative permeability of most materials is very close to
unity

n =
√
ε. (D.25)

The relative permittivity and permeability of materials varies with
frequency and hence waves of different frequencies in media travel at
different speeds. They thus undergo dispersion, discussed in Section
7.5, and a narrow group of EM waves travels with the group velocity

vg =
dω

dk

as defined by eqn (7.31). Problem 7.18 asks for the calculation of the
group velocity of a narrow group of waves centred on a wavelength of
589 nm, given the relationship between phase velocity and wavelength.
The solution was not given in the text and it is useful to give the
answer here as a worked example.

Worked Example D.4 Problem 7.18 is a calculation of the group
velocity of light of a certain wavelength when the relation between
phase velocity and wavelength is given.

Answer The wavenumber k = 2π/λ and hence for λ = 589 nm,
k = 1.07× 107 m−1.

The ratio c/vp = ck/ω, and the formula given in the problem may
be rewritten as

ck

ω
= 1.4 + 8.87× 10−16k2.

Rearranging this to give an expression for ω we have

ω =
k

A+Bk2
,

with A = 4.67× 10−9 and B = 2.96× 10−24.

vp =
c

n
=
ω

k
.

This is shown in Section 8.3. The wave equation for one-dimensional
waves propagating in a medium has a form similar to that of eqn

SOME OTHER ELECTROMAGNETIC-WAVES PROPERTIES 801



802 APPENDIX D: ELECTROMAGNETISM

The group velocity is

vg =
dω

dk
=

(A−Bk2)
(A+Bk2)2

.

Substituting the values of A and B gives vg = 1.73× 108 m s−1.

In certain situations the phase velocity of EM waves can exceed the
speed of light. There is no contradiction with the special theory of
relativity since the energy in a narrow group of waves travels with the
group velocity which is always less than c. It can be shown that the
phase velocity of EM waves in an ionized gas such as the ionosphere
is given by

vp = c(1− b2λ2)−1/2

with b a constant, c the speed of light in free space and λ the
wavelength of the waves. Thus, vp is greater than c. The group
velocity can be determined to be

vg = c
(1− 2b2λ2)

(1− b2λ2)3/2 ,

which is less than c.

Exercise D.3 Show that for EM waves the group velocity is given by

vg =
c(

n+ ω dn
dω

) .

D6.4 Doppler effects

The Doppler effect is the change in frequency of a wave observed
when the source is in motion relative to the observer. The effect was
discussed in Section 8.5. When the wave requires the presence of
a medium for its transmission (such as a sound wave, for example)
the equation giving the frequency change depends on whether the
source or the observer is at rest in the medium in which the wave is
propagating. Equation (8.31) gives the effect when the observer is at
rest, and eqn (8.35) gives the effect when the source is at rest.

The modifications to these formulas when special relativity and
time dilation are taken into account are given in eqns (19.58) and
(19.59) in the situation where the separation between source and
observer is increasing. For waves which travel at speeds v << c the
changes are negligible. For waves which move at speed c, such as EM



observer are regarded as stationary. For source and observer moving
away from each other at speed V the frequency observed is given by

ν = ν0

(
1− V/c
1 + V/c

)
.

If the source and observer are approaching each other the sign of V
changes and the frequency observed is increased instead of lowered.
If the source and observer are moving in random directions but at the
same relative speed V , the total spread in frequency is 2ν0V/c.

Problems

1. A parallel-plate capacitor consists of two circular discs of radius a
separated by a distance d where d is much less than a. The capacitor
is connected in series with a resistor R to a battery with emf V0. What
is the current due to free charges flowing in the circuit and what is the
displacement current between the plates during the charging process?
Neglect edge effects.

Answer When the switch is closed the current I through the resistor
is

I =
V0
R

e−t/RC .

The electric field E across the capacitor plates, each of area A, equals
q/Aε0, where q is the charge on the plates. The displacement current
Id is given by

Id = Aε0
∂E

∂t
= Aε0

dE

dt
=

dq

dt
= I.

2. A high-frequency transmitter is designed to radiate isotropically.
Its power is 50 kW. What is the magnitude of the electric field at a
distance of 40 km from the transmitter?

3. The rms value of the displacement current density in a monochro-
matic linearly polarized plane wave in free space is 10−5 A m−2. The
frequency is 108 Hz. What are the amplitudes of the electric and
magnetic fields in the wave?

4. Show that the time average of the energy density in a monochro-
matic linearly polarized plane wave in free space is distributed equally
between the electric and magnetic fields.

Answer
1
4ε0E

2
0 = 1

4ε0c
2B2

0 = 1
4B

2
0/µ0.
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waves in free space or in air (which for most purposes is equivalent
to free space) the changes result in eqn (19.60) which shows that the
same Doppler shift is observed independent of whether the source or
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5. A laser beam in free space has a power of 1 W and a diameter
of 1 mm. Assume that the intensity is constant across the beam and
calculate the amplitude of the magnetic field in the beam.

6. An isolated stationary sphere of mass 2 mg is hit by a pulse of laser
light of energy 400 J. What is the speed of the sphere if it absorbs all
of the light?

7. Two large, circular plates form a parallel-plate capacitor which is
initially charged. The centres of the plates are connected by a wire
of negligible self-inductance. Determine the rate of flow of energy
into the wire at any instant after the connection and the total flow of
energy into the wire.

8. The electric field in a linearly polarized wave has an amplitude of
2 Vm−1 and oscillates at an angle of 30◦ to the x- axis. To this wave
is added a linearly polarized wave with the same phase in which the
electric field has an amplitude of 1 V m−1 and oscillates at angle of
60◦ to the x-axis. Determine the electric field in the resultant wave.

Answer The resultant electric field has amplitude 2.91 V m−1 and
oscillates at an angle of 39.9◦ to the x-axis.

9.The total energy radiated per second by a charge q moving at a speed
much less than the speed of light in free space but with acceleration
a is

P =
q2a2

6πε0c3
.

A proton moves in a circular orbit of radius r with speed v where v
is much less than the speed of light c. Determine the radiation loss
of energy during one revolution.

Answer We will assume that the loss is small compared with the
energy E = 1

2mv
2, where m is the proton mass, so that the energy

per evolution is constant. This assumption is validated by the result
obtained. The time for one revolution is T = 2πr/v. The energy
radiated in this time, during which the acceleration is constant at the
value a = v2/r, is

PT =

(
e2v4

6πε0c3r2

)(
2πr

v

)

=
(v
c

)3 e2

3ε0r
.

This is always very much less than the kinetic energy of the proton
in any situations encountered so far and the original assumption that
the energy per revolution is effectively constant is justified.


