
Refresher course in key 
numerical skills 1

» Overview «

The aim of this workbook is to provide a set of tools that can be used to study the topics in this 

book and will be useful to you throughout your studies. This chapter will allow you to apply 

mathematical tools that can be used to solve a range of business-related problems. These busi-

ness problems include calculating percentages and modelling the relationship between one 

variable and another variable via fi tting a line to a data set.

» Learning Objectives «

On successful completion of this chapter you will be able to:

» Feel confi dent about using notation and symbols to represent variables.

» Calculate percentages and convert other numbers into percentages.

» Calculate ratios and proportions and extend to converting foreign currencies.

» Solve problems using algebra.

» Understand the concept of a model, square and square roots, indices, standard form 

(or scientifi c notation), logarithms, and exponential functions.

» Identify and apply a range of Excel functions to solve mathematical problems.

» Understand how to plot the coordinate of a point (x, y) on a chart.

» Use Excel to plot data from an equation of the form y = mx + c and recognize the rela-

tionship between y and x from the graph.

» Use Excel to calculate the value of the slope (m) and y-intercept (c) from a straight line 

graph.

» Plot a graph of y against x where the relationship between y and x is a polynomial rela-

tionship e.g. y = x3 − 6x2, y = 5 + 12/x.

» Understand the concept of index numbers.

» Calculate a range of index numbers and understand the difference between UK retail 

price index (RPI) and consumer price index (CPI).

» Understand the concept of differentiation in relation to change.

» Understand the relationship between differentiation and the gradient of a line at a point 

on a curve using the fi rst and second derivatives.
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 2 Refresher course in key numerical skills 

1.1 Revision of numerical skills

Th is section is a refresher course in business mathematics.

1.1.1 Percentages
A percentage (written %) means ‘out of 100’; for example, 12% means ‘12 out of 100’ or 
12

100 
. 50% means ‘50 out of 100’ or 

50

100 
. A fraction and decimal can easily be changed into 

percentages and vice versa.

Changing a fraction to a percentage

To change a fraction into a percentage, multiply the fraction by 
100

1  
.

Example 1.1

To convert 
3

5
 to a percentage:

3

5
 = 

3

5
 × 

100

1  
% = 60%

The answer is 60% (said ‘60 per cent’). Remember to use your rules of fractions, and to cancel 

where possible.

Example 1.2

To convert 1
2

5
 to a percentage:

First change the mixed number to an improper fraction, then multiply by 100.

1
2

5
 = 

7

5
 × 

100

1  
% = 140%

Example 1.3

Change 0.82 to a percentage = 0.82 × 100% = 82%

Changing decimals to percentages

To change a decimal to a percentage, multiply the decimal by 100.

Changing percentages to fractions

To change a percentage to a fraction divide by 100.
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   Refresher course in key numerical skills  3

Changing percentages to decimals (decimal fractions)

To change a percentage to a decimal (decimal fraction), divide the percentage by 100.

Example 1.4

Change 75% to a fraction.

75% = 
75

100
 = 

3

4

Example 1.5

Change 12
1

2
% to a fraction

First change the mixed number to an improper fraction:

12 
1

2 
% = 

12
 1

 2

100
 = 

12
 1 × 2

 2

100 × 2
 = 

25

200
 = 

1

8

Example 1.6

Change 120% to a fraction

120% = 
120

100
 = 

6

5
 or 1

1

5

Example 1.7

Change 54% to a decimal

54% = 
54

100
 = 0.54

The number 0.54 is called a decimal fraction.

Percentage change

A number can be increased or decreased by a given percentage change, e.g. shoes in 

a sale may be decreased (or reduced) by 10%, and you may have to pay a deposit of 20% 

if you are buying a video.
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 4 Refresher course in key numerical skills 

Increasing a number by a given percentage

Th ere are several methods which can be used to increase a number by a given percent-

age, one of which is shown here.

Example 1.8

What is 20% of £50?

Remember that ‘of ’ means multiply. 20% means 20 divided by 100, therefore 20% of £50 is 

now written

20% of £50 = 
20

100
 × 

£50

1
 = £10

Example 1.9

What is 12 
1

2 
% of £160?

12 
1

2 
% of £160 = 

12
 1

 2

100
 × 

£160

1
 = £20

Example 1.10

Increase £50 by 6%

If we fi nd 6% of £50, this gives the actual amount of the increase. This increase must then be 

added to the original £50 to give the fi nal price.

Increase = 6% of £50 = 
6

100
 × 

£50

1
 = £3

The increase of £3 must now be added to £50.

New Value = Old Value + Increase = £50 + £3 = £53

Decreasing a number by a given percentage

We can reverse the process mentioned in the previous example to decrease a number 

by a given percentage. For example, we know that 6% of £50 is £3. However, because 

we are looking for a decrease, the £3 must be subtracted from £50, giving the answer 

of £47.
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   Refresher course in key numerical skills  5

1.1.2 Ratio and Proportion
A ratio gives us a way of comparing two or more quantities. However, two or more quan-

tities can only be compared when they are in the same units.

Example 1.11

What percentage is 43 out of 86?

This is written as

43

86
 × 

100

1
 % = 50%

Example 1.12

What percentage is 50 out of 150?

This is written as

50

150
 × 

100

1
 % = 

1

3
 × 

100

1
 % = 

100

3
 % = 33

1

3 
%

� Student exercises

X1.1 Change these fractions to percentages: 1. 
4

5 
, 2. 

1

3 
, 3. 

3

4 
, 4. 

2

7 
, 5. 1

1

5 
.

X1.2 Change these decimals to percentages: 1. 0.65, 2. 0.375, 3. 0.89, 4. 0.6, 5. 2.34.

X1.3 Convert these percentages to fractions: 1. 25%, 2. 30%, 3. 140%, 4. 33
1

3 
%, 5. 37

1

2 
%

X1.4 Convert these percentages to decimals: 1. 63%, 2. 4.7%, 3. 51.65%.

X1.5 Solve the following percentage problems: 1. 10% of 150, 2. 30% of £70, 3. 5% of 300, 

4. 12% of 30, 5. 12.5% of 240.

X1.6 Solve the following problems: 1. Increase £200 by 4%, 2. Decrease £200 by 4%, 

3. Increase £420 by 10%, 4. Decrease £420 by 10%.

X1.7 What percentage is: 1. 12 out of 48, 2. £30 out of £150, 3. £200 out of £700, 4. 0.5 out 

of 2.5, 5. 1000 out of 8000.

Making a number a percentage of another number

To make a number a percentage of another number then divide one number by the other 

number.
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 6 Refresher course in key numerical skills 

Dividing an amount into proportional parts

Example 1.13

Find the ratio of 2 cm to 6 cm

First check that the units are the same (in this example they are in centimetres), then write 

down the numbers as shown below.

2 : 6 (No need to write the units)

2 : 6 = 1 : 3 (Numbers cancelled by 2)

This is said ‘one to three’ and can be written as a fraction 
1

3 
. It tells us that one measurement is 

three times greater than the other (i.e. 6 cms is three times greater than 2 cms).

Example 1.14

 Express 4 : 
1

3
 in its lowest terms.

These terms must be in the same units – we cannot have mixed numbers and fractions. So, 

multiply one-third by 3 to make it into a whole number = 1. Of course, the 4 has also to be 

multiplied by 3 giving 12 (This is in the rules of fractions if you need to revise it!). So, we now 

have 4 : 
1

3
 = 12 : 1.

Example 1.15

Divide £500 into two parts in the ratio 2 : 3.

1. Find the total number of parts 2 : 3 = 2 + 3 = 5 parts.

2. The total number of parts is equal to the total amount of money 5 parts = £500.

3. To fi nd 1 part, divide the total amount of money by the total number of parts

 1 part = 
£500

5
 = £100

4. To fi nd the value of 2 and 3 parts, multiply 1 part by 2, and then multiply 1 part by 3.

 2 parts = £100 × 2 = £200 and 3 parts = £100 × 3 = £300

 To check, add 2 and 3 parts together (£200 + £300 = £500).

The required ratio is £200 : £300
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   Refresher course in key numerical skills  7

Direct proportion

If two quantities increase or decrease at the same rate, they are said to vary in direct pro-

portion to one another, which means that if two ice-lollies cost 24p, then we would know 

that four ice-lollies would cost 48p, six would cost 72p and one would cost 12p.

Double the amount—double the cost

Treble the amount—treble the cost

Halve the amount—halve the cost

Example 1.16

A line 30 cm long is to be divided into 3 parts in the ratio 2:3:5.

Find the length of the LONGEST part.

2 : 3 : 5 = 10 parts

10 parts = 30 cm

1 part = 
30 cm

10
 = 3 cm

The longest part = 5 parts. Therefore, 5 parts = 5 × 3 cm = 15 cm

The longest part is 15 cm.

Example 1.17

A car travels 100 km in 2 hours. How long will it take to travel 250 km?

100 km in 2 hours

1 km = 
2

100
 hours = 

1

50
 hours

250 km = 250 × 
1

50
 hours = 5 hours. Therefore, 250 km it would take 5 hours.

Foreign currency and exchange

A rate of exchange exists to convert one 

currency to another currency. For ex -

ample, on the 15 April 2008 the exchange 

rates were as follows for the £, $, and n.

Th e direct proportion method can be 

used to solve many foreign exchange 

questions.

£ $ ]

1 1.9627 1.2428

Table 1.1 Rate of Exchange 15 April 2008

Source: BBC – Business – Market Data website.
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 8 Refresher course in key numerical skills 

Inverse proportion

If an increase in one quantity produces a decrease in another, then this is said to be a case 

of inverse proportion.

Example 1.20

If 10 men take eight days to build a wall, how long will it take four men to do the same job?

10 men take 8 days

1 man takes 10 × 8 = 80 days

So 4 men take = 
80

4
 days = 20 days

Example 1.18

Consider the problem of converting £2500 into euros?

We note that the conversion rate is £1 = n1.2428.

Therefore, by direct proportion £2500 = 2000 * £1 = 2500 * n1.2428 = n3107.

Figure 1.1 shows how easy it would be to use Excel to solve this problem.

Figure 1.1

Example 1.19

Consider the problem of converting $1500 into n’s?

We note that the conversion rate is $1.9627 = n1.2428. Therefore, by direct proportion $1 = 

n1.2428/1.9627.

$1500 = 1500 * $1 = 1500 * n1.2428/1.9627 = n948.81.

Figure 1.2 shows how easy it would be to use Excel to solve this problem.

Figure 1.2
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   Refresher course in key numerical skills  9

1.1.3 Basic algebra

Directed numbers

Many of the numbers we use represent situations which have directions as well as size. 

Th e numbers which have a direction and a size are called directed numbers. Once a 

direction is chosen as positive (+), the opposite direction is taken as negative (−).

� Student exercises

X1.8 1. Express the following ratios in their lowest terms:

  (a) 2 : 4 (b) 8 : 12 (c) 60 : 150

  (d) 18 : 15 (e) 4 : 1/2 

 2. Express the ratio £5 to 75p in its lowest terms.

 3. Express the ratio 400 m to 2 km as a fraction in its lowest terms.

X1.9 1. Divide £300 in the ratio of 2 : 1.

 2. Divide £60 in the ratio 5 : 7.

 3.  A line is divided into three parts 2 : 3 : 7. If the line is 84 cm long calculate the length 

of each part.

 4.  A sum of money is divided in the ratio of 2 : 3. If the larger amount is £18, what is 

(i) the other amount and (ii) the total sum of money?

 5.  £600 is divided amongst three children in the ratio of their ages. John fi ve years old, 

Claire is seven years old and Robert is eight years old. How much money does Claire 

receive?

X1.10 1. Seven pears cost 84p. What is the cost of fi ve pears?

 2. 5 kg of potatoes cost 40p. What is the cost of 8 kg?

 3.  A train travels 300 km in fi ve hours. How long will it take to complete a journey of 

450 km?

 4.  Three metres of wood costs £2.25. What is the cost of 7 m?

 5.  Two bottles of wine fi ll eight wine glasses (big glasses!). How many glasses of wine 

can be poured from fi ve bottles?

X1.11 Using the conversion rates for the £, $, and n, calculate: 1. A man takes £200 to France. 

How many euros does he receive in return? 2. A businessman spends 600 euros on 

travelling in France. How much does he spend in pounds?

X1.12 1.  Four men can decorate a house in three days. How long does the job take two men?

 2.  An amount of money is divided amongst eight children. Each child receives £9. If the 

same amount of money was divided amongst 12 children, how much would each 

child receive?

 3.  20 men produce 1000 articles in fi ve days. How long would it take 25 men to pro-

duce the same number of articles?
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 10 Refresher course in key numerical skills 

Positive numbers

Th ese, you know very well. Th ey are numbers such as:

• 3 which can be written as +3

• 46 which can be written as +46

• 14.67 which can be written as +14.67

• a which can be written as +a

Any number or letter, which is written without a sign, is a positive number. Positive 

numbers may contain a plus sign, but it is common to see them with no sign at all.

Negative numbers

Th ese are numbers (and letters) which have a minus sign in front of them:

• Minus 3 is written −3

• Minus 46 is written −46

• Minus 14.67 is written −14.67

• Minus a is written −a

A negative number, or letter, always has a minus sign in front of it.

Adding and subtracting directed numbers

As you can see, all numbers have a direction. Positive and negative terms are best shown, 

at this stage, by using a number line and doing addition and subtraction along the 

number line.

Figure 1.3

Number line

Th e number line is infi nitely long, because the set of positive and negative numbers 

has no end. Th e line drawn above is just a short part of the number line.

To add directed numbers using the number line

Example 1.21

If you start on 0 and add 3, you move 3 places to the right, answer is +3.

Example 1.22

Start at +1 and add 3. Your answer is +4.
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   Refresher course in key numerical skills  11

To subtract direct numbers using the number line

Example 1.23

Start at −1 and add 3. Your answer is +2.

Example 1.24

Start at 0 and subtract 1. Your answer is −1.

Example 1.25

Start at 0 and subtract 2. Your answer is −2.

Example 1.26

Start at −1 and subtract 2. Your answer is −3.

Example 1.27

(+3) × (+4) = +12 (−3) × (−4) = +12

(+3) × (−4) = −12 (−3) × (+4) = −12

Remember (+3)2 and (−3)2 both equal +9. Written out fully (+3)*(+3) = +9 and (−3)*(−3) = +9. 

Remember ( )( ) means times, (+10)2 and (−10)2 = 100. Written out fully, (+10)(+10) = 100 and 

(−10)(−10) = 100. Remember when you see a bracket everything inside the bracket is multiplied 

by the number or letter with the sign which is outside the bracket.

Draw a number line which goes from −20 through 0 up to +20. Make sure the distance 

between each point is the same (one unit). Try the examples shown above, then some of 

your own to prove that it really works!

Multiplication and division of directed numbers

To multiply directed numbers:

Positive multiplied by positive = + Negative multiplied by negative = +
(+) * (+) = + (−) * (−) = +

Positive multiplied by negative = − Negative multiplied by positive = −
(+) * (−) = − (−) * (+) = −
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 12 Refresher course in key numerical skills 

Substitution of numbers with algebraic letters

In algebra, letters are used as well as numbers. Making algebraic expressions is really like 

making up sentences and is quite straightforward once you have learned the rules. If you 

are asked to make up an algebraic expression you may choose which letter(s) you wish. 

Look at these examples, where you are asked to write down the sentences in algebraic 

forms.

To divide directed numbers:

Positive divided by positive = + Negative divided by negative = +
+10

+5
 = +2 

−10

−5
 = +2

Positive divided by negative = − Negative divided by positive = −
+10

−5
 = −2 

−10

+5
 = −2

Summary of rules:

1. When multiplying or dividing like signs, the answer will be positive.

2. When multiplying or dividing unlike signs, the answer will be negative.

Example 1.28

Five times a number.

Let the number be d

Five times d = 5d

5 × d can be written as 5d or 5·d

The more common way is 5d.

Example 1.29

Three more than a number

Let the number be a

Three more than a = a + 3  or  3 + a

(Whichever way round, the answer is the same.)
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Substitution

When a letter is replaced by a number in an expression this is called substitution.

Example 1.30

 The product of two numbers

(Product means multiply)

Let the numbers be y and z

The product of y and z = yz or zy

Example 1.31

One number divided by three times another number

Let one number be m and the other number is n

One number divided by three times the other = 
m

3n

The numbers that multiply the letters are called coeffi cients e.g. in the equation y = 2x, the 

coeffi cient of the variable x is the number 2.

Example 1.32

In the following fi ve examples a = 2, b = 3, c = 4.

1. 5a means 5 × a = 5 × 2 = 10

2. b + c = 3 + 4 = 7

3. c − a = 4 − 2 = 2

4. 5b + 12a = 5(3) + 12(2) = 15 + 24 = 39

5. ab = 2 × 3 = 6

What is different about a3 and 3a? If you are in any doubt about an expression write it out in 

full. So a3 = a × a × a and 3a = 3 × a. These, as you know, will give different answers if the value 

of ‘a’ is known. If a = 2, then a3 = 2 × 2 × 2 = 8 but 3a = 3 × a = 3 × 2 = 6.
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Substitution with positive and negative numbers

Example 1.33

If a = 2, b = 3 and c = 5, fi nd the values of the following.

1. a4 = a * a * a * a = 2 * 2 * 2 * 2 = 16

2. b2 = b * b = 3 * 3 = 9

3. b3 = b * b * b = 3 * 3 * 3 = 27

4. ac2 = a * c * c = 2 * 5 * 5 = 50

5. 3c = 3 * c = 3 * 5 = 15

Example 1.34

If a = 1, b = −2, c = 3, d = −4, e = 5

1. a + b = 1 + (−2) = 1 − 2 = −1

2. a − b = 1 − (−2) = 1 + 2 = 3

3. b2 + 2e = (−2)(−2) + 2(5) = 4 + 10 = 14

4. ed2 = 5 (−4)(−4) = 5*(16) = 80

5. (ed)2 = (5 * (−4))2 = (−20)2 = 400

Example 1.35

Consider the problem 3a + 2a = ? Think of it as adding 3 apples to 2 apples. Your answer would 

be 5 apples − in other words only the numbers are added. Therefore, 3a + 2a = 5a.

Example 1.36

1. 8a − 6a + 7a = 2a + 7a = 9a

2. 2xy + 6xy = 8xy (remember that yx is the same as xy)

3. 12xy + 5xy − 6xy = 17xy − 6xy = 11xy

4. 3a + 2b − a + 3b = 3a − a + 2b + 3b = 2a + 5b

5. a2 + 2a2 + 3a = 3a2 + 3a

If there is no sign in front of the letter this is, as you know, assumed to be positive.

Addition and subtraction of algebraic terms

You can only add or subtract algebraic terms if they have the same letter(s). For example, 

‘b’s can only be added to ‘b’s, ‘k’s can only be added to ‘k’s, ‘fg’s can only be added to ‘fg’s, 

‘g2’s can only be added to ‘g2’s.
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   Refresher course in key numerical skills  15

Multiplication and division of algebraic fractions

Th e same rules apply as for directed numbers when multiplying and dividing algebraic 

fractions. Read through the following examples to clarify the rules: x times y = xy, and 5x 

times 3y = 15xy. Th erefore, multiply the numbers together and then the algebraic terms.

Example 1.37

a times a = a * a = a2

Example 1.38

4b times 3b times 5b = 4 * 3 * 5 * b * b * b = 60b3

Example 1.39

 (−2a) * (5b) = −10ab

Example 1.40

3a2 * 2a = 3 * a * a * 2 * a = 6a3

Example 1.41

4a

2b
 = 

2a

b

Example 1.42

12a3bc2

4a2c
 = 

12 × a × a × a × b × c × c

4 × a × a × c
 = 3abc

Brackets

A bracket is used in mathematics as a type of shorthand. When removing the brackets 

everything inside the brackets is multiplied by the expression outside the bracket.

9780199694068_online_CS4.indd   159780199694068_online_CS4.indd   15 9/28/12   10:34 AM9/28/12   10:34 AM



 16 Refresher course in key numerical skills 

Look at this example: −2x(3 + x) means that +3 and +x must both be multiplied by −2x. 

Write it like this (−2x) * (3) + (−2x) * (x) = −6x − 2x2.

Rule

When a bracket has a minus sign in front of it, the signs inside the bracket are changed 

when the bracket is removed. Look at the following examples:

Example 1.43

2(a + b) = 2a + 2b

Example 1.46

−2(3 + 6a) = −6 − 12a

Example 1.44

3a(5b − 6x) = 15ab − 18ax

Example 1.47

−3(4 − 3b) = −12 + 9b

Example 1.45

2x(3 + 2x) = 6x + 4x2

Example 1.48

−(a − b) = −a + b

In Example 1.48 there was only a minus sign in front of the bracket, but really this is a 

short way of saying that −1 is in front of the bracket. Th is is a very important point to 

remember.

Removing brackets and simplifying

To remove brackets simply multiply out the brackets fi rst and then collect all the ‘like’ 

terms together.
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Squares

Th e square of a number is that number multiplied by itself.

Example 1.49

2(X + 6) + 3(X + 5) = 2*X + 2*6 + 3*X + 3*5

2(X + 6) + 3(X + 5) = 2X + 12 + 3X + 15

2(X + 6) + 3(X + 5) = 5X + 27

Example 1.50

3(a − b) − (2a − b) + 4(a − 2b) = 3a − 3b − 2a + b + 4a − 8b

3(a − b) − (2a − b) + 4(a − 2b) = 3a − 2a + 4a − 3b + b − 8b

3(a − b) − (2a − b) + 4(a − 2b) = a + 4a − 2b − 8b

3(a − b) − (2a − b) + 4(a − 2b) = 5a − 10b

Example 1.51

‘three squared’ is written 32 which means 3 × 3 = 9 and ‘four squared’ is written 42 which means 

4 × 4 = 16.

Example 1.52

502 = 50 × 50 = 2500

Example 1.53

 (0.03)2 = 0.03 × 0.03 = 0.0009

Example 1.54

Calculate the square of the number 0.3:

(0.3)2 = 0.3 × 0.3 = 0.09
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Square roots

Th e square root of a number is a value that can be multiplied by itself to give the original 

number. Th e sign √4 means the square root of the number 4:

Example 1.55

Excel uses the symbol ^ to calculate the power of a number.

The value of the power term when we square a 

number is 2. In the example we have number 0.3 in 

cell B2 and in cell B3 we have the value of the square 

of 0.3 which equals 0.09. The formula in cell B3 is 

= B2^2 (see Figure 1.4). Figure 1.4

➜ Excel formula method

Number = Cell B2 Value

Square = Cell B3 Formula: = B2^2

➜ Excel function method

Number = Cell B2 Value

Square = Cell B3 Function: = POWER(B2, 2)

Excel has a function called POWER that enables 

you to calculate the power of any number. 

Repeating Example 1.3 using POWER gives 

the value of the square of 0.3 as 0.09 (see 

Figure 1.5). Figure 1.5

Example 1.56

√16 = √4 × 4 = 4

Example 1.57

√25 = √5 × 5 = 5
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Example 1.58

√0.25 = 
25

100
  = 

√25

√100
 = 

5

10
 = 0.5

Example 1.59

√0.0009 = 
9

10000
 = 

√9

√10000
 = 

3

100
 = 0.03

Indices

Th e index is the power of a number. Th e number 23 is said ‘two to the power three’ or ‘two 

cubed’ and means 2 * 2 * 2 = 8. Th e number 32 is said ‘three to the power two’ or ‘three 

squared’ and means 3 * 3 = 9. We could use the method described earlier to calculate 23 

or we could use the Excel symbol ^ or Excel function POWER () to undertake the 

calculation.

Example 1.60

We can use Excel to calculate the square root of 16 which is written using mathematical nota-

tion as √16. Excel uses the function SQRT to calculate the square root of a number.

In the example we have number 16 in cell B2 

and in cell B3 we have the value of the square 

root of 16 which equals 4. The formula in cell B3 

is = SQRT(B2) (see Figure 1.6).

The value of the power term when we calculate 

the square root is the number 1/2. If we use Excel and substitute this formula = B2^(1/2) for the 

square root we would still obtain the answer 4.

Figure 1.6

➜ Excel function method

Number = Cell B2 Value

Square Root = Cell B3 Formula: = SQRT(B2)

There are no questions for you to do in this unit, BUT, please make sure that you understand all 

the examples given here.
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Example 1.61

Excel uses the symbol ^ to calculate the power of a 

number.

The value of the power term in this example is 3. In 

the example we have number 2 in cell B2 and in cell 

B4 we have the value of the cube of 2 which equals 8. 

The formula in cell B4 is = B2^3 (see Figure 1.7).

The alternative method is to use the Excel 

function POWER (). In cell B2 we have number 

2, which we want to take to the power 3, 

which is in cell B3. The result is given in cell B4, 

and this is 8 (see Figure 1.8).

Figure 1.7

Figure 1.8

➜ Excel function method

Number = Cell B2 Value

Power = Cell B3 Value

Value = Cell B4 Formula: = POWER(B2,B3)

Note Square root is an inverse function of the power function.

Example 1.62

a4 is said ‘a to the power 4’ means a * a * a * a

Example 1.63

 23 * 22 = 2 * 2 * 2 * 2 * 2 = 32

Note: This can be written as 23 * 22 = 25

A quick way of doing this is to add the powers when you are multiplying the same 

numbers with powers.

Th e following examples illustrate the rules which apply to indices.

To multiply number or letters with powers:
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To divide numbers or letters with powers:

Example 1.64

a6 * a3 = a6+3 = a9

Example 1.66

23

22
 = 

21 × 21 × 21

21 × 21

Now cancel, which gives 21 which is the same as 2. A quick way to divide letters or numbers 

with powers is to subtract the powers.

23

22
 = 

21 × 21 × 21

21 × 21
 = 23−2 = 21 = 2

Example 1.65

3k2 * 4k

Written out fully, this is 3k2 * 4k = 3 * k * k * 4 * k = 12 * k * k * k = 12k3

Example 1.67

a6

a3
 = 

a1 × a1 × a1 × a1 × a1 × a1

a1 × a1 × a1
 = a6−3 = a3

Example 1.68

(a2)3 = a2 * a2 * a2 = a2+2+2 = a6. A quick way of doing this is to multiply the power inside bracket 

by the power outside the bracket a2*3 = a6. You get the same answer, but the latter method is 

quicker!

Example 1.69

(b4)5 = b4*5 = b20

To raise a term in brackets to a particular power:
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To divide a number or letter by a negative power:

Example 1.70

9−1 means 
1

91
 or 

1

9

9−1 can be written as 
1

9
 and is known as the reciprocal of nine. When you see a nega -

tive power think ‘one over’.

Example 1.71

10−1 = 
1

101
 = 

1

10

Example 1.72

a−1 = 
1

a1
 = 

1

a

Example 1.73

 a−4 = 
1

a4

Example 1.74

4d−3 = 
4

1
 
1

d3
 = 

4

d3

Example 1.75

16
1
2 = √161 = 4.

This means the ‘square root’ of 16 is which number multiplied by itself gives 16 – answer is 

4. When you see fractional indices think ‘root sign’.

In these examples the minus sign only applies to the letter d not to the number 4.

To divide numbers or letters by a fractional power:
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Example 1.76

8
1
3 = 

3√81 = 
3√8 = 2.

This means the ‘cube root’ of 8 is which number multiplied by itself three times gives 8.

Example 1.77

32
1
5 = 

5√321 = 
5√32 = 2.

This means the ‘fi fth root’ of 32 is which number multiplied by itself fi ve times gives 32.

Example 1.78

a
1
3 = 

3√a1 = 
3√a

Example 1.79

27
2
3.

This should be done without a calculator. First, work out the cube root of 27 = 
3√27 = 3. Then 

square this number (32) to give a fi nal answer of 9.

Example 1.80

16
− 1

2 = 
1

16
 1 2

 = 
1

√16
 = 

1

4

Example 1.81

8
1
2 × 8

3
2 = 8

1
2

 + 3
2 = 8

4
2 = 82 = 64

Example 1.82

8
− 1

2 × 8
1
2 = 8

− 1
2

 + 1
2 = 80 = 1
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Standard form (or scientifi c notation) 

Very large and very small numbers must sometimes be expressed in standard form (also 

called scientifi c notation), A * 10n, where 1 < A < 10 and n is an integer. Translated this 

means that A must be a number between 1 and 10 and n is a positive or negative number. 

Here are some examples to clarify how we can write a number using standard form:

Example 1.83

33 × 32

38
 = 

35

38
 = 3−3 = 

1

33
 = 

1

27

Example 1.84

The number 87000 can be written in standard form as 8.7 × 104.

Example 1.85

The number 0.000026 can be written in standard form as 2.6 × 10−5.

If we talk about the decimal point moving to give us a number between 1 and 10, you will 

see that if the point moves to the left, the power is positive. If the point moves to the right, the 

power is negative. The number of places the point moves gives us the number of the power.

Example 1.86

5 * 10−5 * 3 * 102.

First multiply the numbers without powers (5 * 3 = 15) and secondly, multiply the number with 

powers (10−5 * 102 = 10−5+2 = 10−3).

∴ 5 * 10−5 * 3 * 102 = 15 * 10−3 = 1.5 * 10−2

When you enter numbers into an Excel cell which has more than 12 characters (e.g. 

563728193324423000) then Excel will display the number using scientifi c notation. Figure 1.9 

illustrates this process using the number example 563728193324423000.

Example 1.87

We can see from the screenshot that 

the number is displayed as 5.63728E+17. 

Figure 1.9 illustrates how Excel will display 

this value using scientifi c notation.

The E+17 is just shorthand for ‘move the 

decimal places 17 places to the right’ (see Figure 1.9).

Figure 1.9
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To solve simple equations

Here are some examples of very simple equations:

Note To display the number in a format other than scientifi c notation, you need to 

reformat the cell(s):

1. Select the cells that will hold the larger values.

2. Right click the selection.

3. Select Format.

4. Select Cells.

5. In the Number tab, select the desired format (e.g. number) but change decimal places 

to zero.

6. Click OK.

Example 1.88

2a = 8, a + 2 = 4, 3a + 6 = a + 10, 3(a + 2) = 9. In all these examples, there are letters and num-

bers on both sides of the equals sign and the letters have no powers higher than 1. (i.e. there 

are no a2 or a3 or b2 or b3 terms). Your answer must have a letter, which must be positive, on 

one side of the = sign, and a number on the other side. It does not matter which side of the 

equals sign the letter is! To solve simple equations you must follow a set of rules.

Example 1.89

Solve 3(a + 2) = 9

Step 1 Remove any brackets by multiplying them out.

3(a + 2) = 9

3a + 6 = 9

Step 2 Put all the terms containing letters on one side and numbers on the other side.

3a + 6 = 9

3a = 9 − 6
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Working through the examples given at the beginning of this section:

When a term ‘goes over’ the = sign to the opposite side, the sign changed:

+ becomes − − becomes +
* becomes ÷ ÷ becomes *

3a = 9 − 6

3a = 3

3 * a = 3

a = 
3

3
 = 1

Check by substituting a = 1 into equation 3(a + 2).

3a + 6 = 9

If  a = 1

3(1) + 6 = 3 + 6 = 9

Example 1.90

Solve 2a = 8

2a = 8

a = 
8

2
 = 4

Check

2a = 8

If a = 4 then 2a = 2 * 4 = 8  Correct

Example 1.91

 Solve 2(a − 1) − 4(3a + 6) = 10

2(a − 1) − 4(3a + 6) = 10

2a − 2 − 12a − 24 = 10

2a − 12a = 10 + 2 + 24

−10a = 36

a = 
36

−10
 = −3.6
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Substituting numbers in formulae

A formula is an equation which gives a relationship between two or more quantities 

e.g. c = hd, gives a formula for c in terms of h and d, where c is the subject of the formula. 

Th e value of c may be found by simple arithmetic after substituting the given values of h 

and d. Now read through the following examples.

Example 1.92

Solve 
3a

4
 = 6

3a

4
 = 6

a = 
6 × 4

3
 = 8

Example 1.93

 If R = CA, fi nd R when C = 6 and A = 2

R = C × A

Substituting the numbers for the letters we get:

R = 6 × 2 = 12

Example 1.94

 If v = u + at, fi nd v when u = 10, a = 2, t = 6

v = u + (a * t)

Substituting the numbers for the letters we get:

v = 10 + (2 * 6)

v = 10 + 12 = 22

Example 1.95

 If W = 
kz2

3
, fi nd W when k = 9 and z = 5

Substituting the numbers for letters we get

W = 
kz2

3

W = 
9 × 52

3

W = 
9 × 25

3
 = 75
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� Student exercises

X1.13  1. (+3) + (+9)  2. (+10) + (−5)  3. (−15) + (+2)

  4. (−20) + (−20)  5. (+13) − (+10)  6. (+24) − (−12)

  7. (−21) − (+21)  8. (−21) − (−21)  9. (+12) + (−12) − (−12)

 10. (+100) − (−50) + (+20)

X1.14  1. 3 * 4  2. −3 * −4  3. (−10)(−4) 4. (+3)2

  5. (−4)2  6. (−12)(+3)  7. +15 ÷ +5

  8. −15 ÷ −5  9. +15 ÷ −5 10. +1000 ÷ −10

 11. +12 ÷ −6 12. −36 ÷ +6 13. +24 ÷ −6

 14. +16 ÷ −3 15. +14 ÷ −3 16. −125 ÷ −5

X1.15 Write down the following as algebraic expressions:

 1. Four times a number.

 2. A quarter of a number.

 3. Eight less than a number.

 4. Six more than a number.

 5. The sum of three numbers.

 6. Three times the product of two numbers.

 7. Six times a number, plus fi ve times a second number.

 8. Four times a number, minus another number.

X1.16 If a = 1, b = 2, c = 3, d = 4, e = 5

 Find the values of:

  1. 3 + b  2. 2a  3. c + d

  4. e − c  5. 2c + 3d  6. 4a − 2b

  7. bc  8. de + d  9. abcd

 10. de/b

X1.17 If p = 2, q = 3, r = 4, s = 5

 Find the values of:

  1. q2  2. r3  3. 2S2 4. qp2

  5. 3p2 + r3  6. 2s2 + p3  7. 2q2 + 3p2 8. rs2

  9. 
2q2

r
 10. 

s2

p
X1.18 If X = −1, y = 2, z = 3

  1. 2x + 3y  2. xyz  3. x2y

  4. x + y + z2  5. (2x + y)2

X1.19  1. 4a + 10a  2. 11a − 6a  3. 6xy + 2xy

  4. 6a − 2a + 3a  5. 11b + 2b − 7b  6. 3a + 2b − a

  7. 8b − 6a − 2b − 7a  8. 3b2 + 2b + 5b2  9. 6s2t + 3s2t

 10. 2b2 + 3b + 6b2 + 4b
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X1.20  1. 2a * 3a  2. 2a * 3b  3. 4 * 6a

  4. (−2a) * (6a)  5. (2s) * (−6t)  6. (−2s) * (−6t)

  7. 4a2 * 2a2  8. 3b2 * 2a2  9. (−a) * (−b)

 10. 
12a2

3a
 11. 

4a2b

2ab2
 12. 

8a2b2c2

2abc

 13. 
(−a)

b
 14. 

(−6x)

(−2xy)
 15. 

9a2bc

27a2bc

X1.21  1 2(x + 3)  2. 4(a + b)  3. 6(a − b)

  4. 5(x − 3)  5. 3(4x + 2y)  6. −(m + n)

  7. −2(3x + 5)  8. −3(4 − 6x)  9. −(2p + 3q)

 10. 4b(3a − b)

X1.22  1. 2(x + 2) + 3(x + 4)  2. 3(x − 6) − 2(x − 4)

  3. x(2x + 1) − 4(x2 + 1)  4. 4(a − b) − 2(a + b) + 6(a + b)

  5. 4x(x + 6) − 2(x2 − 3) + 5(x2 + x + 2)

X1.23  1. a4 * a3  2. b5 * b  3. 3s * 4s5

  4. 33  5. 3−3  6. 82

  7. 8−2  8. 25  9. 2−5

 10. 16
1
2 11. 9

1
2 12. 32

1
5

 13. 27
1
3 14. 81

1
4 15. 81

− 1
4

 16. 8
2
3 17. 8

− 2
3 18. 100

− 3
2

 19. 125
2
3 20. a0 21. 8y0

 22. 4
1
2 × 4

3
2 23. 9

− 1
2 × 9

1
2 24. 9

− 3
2 × 9

1
2

X1.24 Write these in standard form:

  1. 6500  2. 0.0082  3. 132.3

  4. 0.5  5. 43  6. 2660000

  7. 0.35  8. 0.7*105*3*104  9. 6*103*2*10−2

 10. 9*10−1*3*10−1

X1.25 Solve:

  1. 3a = 12  2. x + 3 = 7  3. b − 2 = 5

  4. 
b

3
 = 4  5. 2a + 5 = 9  6. 5a − 3 = 22

  7. 3a + 11 = 35 − a

  8. 4(g + 1 ) = 8

  9. 3(b − 1 ) − 2(3b − 2) = 4

 10. 4(a − 5) = 7 − 5(3 − 2a)

X1.26  1. If J = ak, fi nd J, when a = 15, and k = 3.

  2. If P = r − st, fi nd P. when r = 20, s = 2 and t = 3.

  3. If I = 
PRT

100
, fi nd I, when P = 200, and R = 4 end T = 2.
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1.1.4 Logarithms and exponential functions
Th e logarithm was invented by John Napier (c.1614) and developed by Napier and Henry 

Briggs (c.1624) to aid in the calculation process of index numbers. Th e term is an alter-

native word for an index or power of a given positive number base. For example, 32 = 9, 

we defi ne the index (or exponent) 2 to be the logarithm of 9 to the base of 3 and write 

2 = log3 9.

  4. If x = 
pz2

2
, fi nd x when p = 1 and z = 6.

  5. If C = 20(z + 6), fi nd C, when z = 2.

  6. Find R from the formula, Z = RY, when Z = 40, and Y = 5.

  7. Find A from the formula J = BA + C, when J = 120, C = 12 and B = 8.

  8. Find C from the formula H = Cbn, when H = 100, b = 2, and n = 10.

  9. If R = 3(p − 2), fi nd R. when p = 9.

 10. If C = 
2j2

k
, fi nd C when j = 3, and k = 6.

Example 1.96

Consider calculating the value of 104?

We can solve this problem by multiplying 10 by itself 4 times: 104 = 10 × 10 × 10 × 

10 = 10,000.

This can be written in index form as 104 = 10,000.

Then, log10 10,000 = 4.

The logarithm of 10,000 to the base 10 is 4.

4 is the exponent to which 10 must be raised to produce 10,000.

Note In general, when bn = x then logb x = n.

1. 104 = 10,000 is called the exponential form.

2. Log10 10000 = 4 is called the logarithmic form.

In practice, only two types of logarithm are used: (1) common, and (2) natural logarithms. The 

system of common logarithms has 10 as its base. When the base is not indicated, log 100 = 2, 

then the system of common logarithms (base 10) is implied. The natural logarithms use the 

base e, where e is named after the eighteenth-century Swiss mathematician Leonhard Euler. 

The numerical value of e = 2.71828182845904..... can be obtained from the following series 

involving factorials:

e = 1 + 
1

1!
 + 

1

2!
 + 

1

3!
 + ............. + 

1

n!

9780199694068_online_CS4.indd   309780199694068_online_CS4.indd   30 9/28/12   10:34 AM9/28/12   10:34 AM



   Refresher course in key numerical skills  31

1.1.5 Linear and non-linear equations
An equation is a mathematical expression that allows a relationship to be written between 

one variable and another variable (or variables).

To indicate a natural logarithm we use the symbol In (In x means loge x) and e is called an 

irrational number since it cannot be written in a fraction form.

The three laws of logarithms:

Law 1: The logarithm of a product is equal to the sum of the logarithms of each 

factor.

logb xy = logb x + logb y

Law 2: The logarithm of a quotient is equal to the logarithm of the numerator minus 

the logarithm of the denominator

logb 
x

y
 = logb x − logb y

Law 3: The logarithm of a power of x is equal to the exponent of that power times 

the logarithm of x.

logb xn = nlog  b x

A common example of natural logarithms in fi nance is calculating how long it will take 

a bank deposit at a set interest rate to reach a specifi ed higher amount.

� Student exercises

X1.27 Express in logarithmic form: (a) 33 = 27, (b) 25 = 32, and (c) 40 = 1.

X1.28 Evaluate: (a) log5 125, (b) log4 4, (c) log10 0.001.

X1.29 Use the rules of logarithms to simplify log10 7 + 2log10 2 − log10 280.

Example 1.97

For example, the relationship between the cost of ten tins of baked beans can be written as 

C = 10p, where p is a term that represents the cost of one tin of baked beans. In this case we 

notice that the term labelled C is dependent upon the linear term p. In this case the power of 

p is equal to 1 and the relationship between C and p is called a linear relationship (or simple 

equation).
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Example 1.98

A further example would be if we estimated the cost of delivery for those tins of beans as part 

of a delivery service that a local shop offers its customers. In this case, the cost of the tins for 

delivery = cost of tins + 5, where the 5 represents the cost of delivery to the delivery address. In 

this case the equation would be written as C = 10p + 5, and the value of C is still dependent 

upon the linear term p. If the value of p = 80 pence, then the cost of delivery C = 10*80 + 5 = 

805 pence or £8.05.

Example 1.100

Further examples of non-linear relationships are as follows:

• y = x2 − 1 (y is a function of x2 and −1).

• y = x2 + 2x − 8  (y is a function of x2, 2x, and −8, and y has a quadratic equation relation-

ship with x).

• y = x3 (y is a function of x3 and y has a cubic equation relationship with x).

• y = x3 + x − 3 (y is a function of x3, x, and −3, and y has a cubic equation relationship with x).

These examples are examples of polynomials which is the general term for equations that 

contain a variable, such as x, which is raised to some power. We can continue this process 

and write equations with higher powers of x or equations that involve a range of variables. 

For example, y = x45 − x2 + 1, is an equation that says that the relationship between y and x 

is a polynomial of order 45.

Example 1.99

Further examples of linear equations would include: y = x + 3, p = v − 3, and k = j + 9. If we 

consider y = x + 3 then the dependent variable is y which is dependent upon the independent 

variable x. Any relationship between variables which is not linear is called a non-linear rela-

tionship. For example, the relationship between two variables (x, y) might be of the form y = x2. 

In this example, we note that whatever the value of the variable x is equal to, the value of y is 

equal to x multiplied by x, and therefore y = x2 is a non-linear equation. Another way of describ-

ing this is to say that y is a function of x2.

Example 1.101

For example, these are all equations with y raised to the power x: y = ex, y = e0.9x, y = 90e−0.3x.
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1.2 Excel mathematical functions

Excel provides a range of mathematical and statistical functions (see appendices) that 

can be useful in undertaking the analysis of data:

1.2.1 Mathematical functions
Excel contains a range of mathematical functions that are useful in solving business 

related problems (see Table 1.2).

� Student exercises

X1.30 What is meant by a dependent variable?

X1.31 What is meant by an independent variable?

X1.32 What is the polynomial relationship between y and x where y = 4x2 − x + 1?

Excel Function Description

ABS Returns the absolute value of a number. Consider calculating the absolute value of 
−4. We can see from the Excel function that ABS(−4) = 4 (see Figure 1.10).

Figure 1.10

COMBIN Returns the number of combinations for a given number of objects.

Consider calculating the number of times that you can pair 2 from a total of 
4 numbers. We can see from Excel that COMBIN(4,2) = 6 (see Figure 1.11).

Figure 1.11

DEVSQ Returns the sum of squares of deviations of data points from their sample mean, 
DEVSQ = S(X − a)2. We can see from Excel that DEVSQ (1, 2, 3) = 2 (see Figure 1.12).

Figure 1.12

Table 1.2
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Excel Function Description

EXP Returns e raised to the power of a given number. We can see from Excel that 
e1 = 2.718281828… (see Figure 1.13).

Figure 1.13

FACT Returns the factorial of a number. Consider calculating factorial 4 = 4*3*2*1 = 24. 
We can see from Excel that FACT (4) = 24 (see Figure 1.14).

Figure 1.14

INT Rounds a number down to the nearest integer. Consider calculating INT (2.3). 
We can see from Excel that INT (2.3) = 2 (see Figure 1.15).

Figure 1.15

LN Returns the natural logarithm of a number. Consider calculating LOG (4). 
We can see from Excel that LOG (4) = 1.386294 .... (see Figure 1.16).

Figure 1.16

LOG Returns the log of a number to the base you specify. Consider calculating 
LOG (10, 10). We can see from Excel that LOG (10, 10) = 1 (see Figure 1.17).

Figure 1.17

LOG10 Returns the base-10 logarithm of a number. Consider calculating LOG10(10). We can 
see from Excel that LOG10(10) = 1 and LOG10(4) = 0.60205991 ... (see Figure 1.18).

Figure 1.18

Table 1.2 (cont’d)
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Excel Function Description

PI( ) Returns the value of π. The Excel function PI() is accurate to 15 digits and requires no 
arguments in the function (see Figure 1.19).

Figure 1.19

Power Returns the result of a number raised to a power. Consider calculating 43.

This can be written in Excel notation as 4 to the power 3 = 4*4*4. We can see from 
Excel that POWER (4, 3) = 64 (see Figure 1.20).

Figure 1.20

SQRT Returns a positive square root. Consider calculating the square root of 16. 
We can see from Excel that SQRT(16) = 4 (see Figure 1.21).

Figure 1.21

SUM Adds all the numbers in a range of cells. Consider calculating the sum of the 
numbers 4, 6, 7 (see Figure 1.22).

Figure 1.22

These numbers have been inserted into Excel in cells C2, C3, and C4 respectively. 
We can see from Excel that SUM (C2:C4) = 17.

SUMIF Adds the cells specifi ed by a given criteria. Consider calculating the sum of the 
numbers 4, 6, 7 but where the number is >4 (see Figure 1.23). We can see that the 
result is 6 + 7 = 13.

Figure 1.23

Table 1.2 (cont’d)
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Excel Function Description

SUMPRODUCT Multiplies corresponding components in the given arrays, and returns the sum of 
those products.

Consider calculating the SUMPRODUCT for the two arrays X: 1, 2, 3, 4 and Y: 3, 2, 3, 
2. These numbers have been inserted into Excel in cells B3:B6 and C3:C6. We can 
see from Excel that SUMPRODUCT (B3:B6, C3:C6) = 24 (see Figure 1.24).

Figure 1.24

SUMSQ Returns the sum of the squares of the arguments. Consider calculating the SUMSQ 
for the two numbers 3 and 5. These numbers have been inserted into Excel in cells 
C3:C4. We can see from Excel that SUMSQ (C3:C4) = 34 (see Figure 1.25).

Figure 1.25

SUMX2MY2 Returns the sum of the difference of squares of corresponding values in two arrays, 
SUMX2MY2 = S(X2 − Y2). Consider calculating the SUMX2MY2 for the two arrays X: 
1, 2, 3, 4 and Y: 3, 2, 3, 2. These numbers have been inserted into Excel in cells B3:B6 
and C3:C6. We can see from Excel that SUMX2MY2 (B3:B6, C3:C6) = 4 (see Figure 1.26).

Figure 1.26

SUMX2PY2 Returns the sum of the sum of squares of corresponding values in two arrays, 
SUMX2PY2 = S(X2 + Y2). The sum of the sum of squares is a common term in many 
statistical calculations. Consider calculating the SUMX2PY2 for the two arrays X: 1, 2, 
3, 4 and Y: 3, 2, 3, 2. These numbers have been inserted into Excel in cells B3:B6 and 
C3:C6. We can see from Excel that SUMX2PY2 (B3:B6, C3:C6) = 56 (see Figure 1.27).

Figure 1.27

Table 1.2 (cont’d)
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Excel Function Description

SUMXMY2 Returns the sum of squares of differences of corresponding values in two arrays, 
SUMXMY2= S(X − Y)2. Consider calculating the SUMXMY2 for the two arrays X: 1, 2, 
3, 4 and Y: 3, 2, 3, 2. These numbers have been inserted into Excel in cells B3:B6 and 
C3:C6. We can see from Excel that SUMXMY2 (B3:B6, C3:C6) = 8 (see Figure 1.28).

Figure 1.28

1.2.2 Excel arrays
An alternative method to copy formulas is to use an array function which allows a formula 

to be input once but be copied to all the cells within the array. Consider the problem of 

calculating the pay for employees who are on a diff erent hourly pay rate (Figure 1.29).

Th is problem can be solved using the standard method or by using array functions:

Standard solution

In the standard method we multiply the hourly rate by the number of hours worked. For 

K Adamson, input in cell C12 the formula = H5*C5 = n230. For the other members of staff  

we would then copy the formula down from C12 to C15.

Array solution

Th is problem can be solved using an array formula: = {H5:H8*C5:C8}. Th is array formula 

multiplies each of the hourly rates in the 4 × 1 array in the range H5:H8 with each of the 

hours worked in the 4 × 1 array in the range C5:C8. Th is same formula is entered into 

all cells of the array range (C12:C15) as soon as you complete the formula in the active 

cell C12.

Figure 1.29

Table 1.2 (cont’d)
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Step 1 Select cell C12 to C15 and type ‘=’ to start the array formula.

Step 2  Select the range H5:H8 (staff  pay rate) and type ‘*’ and select C5:C8 (staff  hours).

Step 3  Press Ctrl + Shift + Enter to complete the formula. Excel will automatically insert 

the curly brackets { }.

Step 4  Repeat steps 1–3 for weeks 2–4 (arrays)

Figure 1.30 shows the weekly pay for weeks 2–3 after completing the array formulas 

using arrays D5:D12, E5:E12, and F5:F12.

Figure 1.30

Th e total pay for each staff  member can be calculated using the Excel formula: = SUM 

(cell range).

1.3 Drawing graphs

In this section we will explore the concept of coordinate geometry and how Excel can be 

used to plot algebraic relationships between two variables. Before we do this we now 

need to understand the concept of a coordinate of a point and the Excel method we can 

use to plot a series of points. Th is section will then conclude by looking at equations of the 

form y = mx + c and the Excel method to calculate the terms ‘m’ and ‘c’ in the equation.

1.3.1 The coordinates of a point
Th e coordinates of a point can be written as an ordered pair (x, y).

Example 1.102

Point P in Figure 1.31 has coordinates (2, 3) on the axes x, y. Its horizontal  distance along the 

x axis from the origin 0 is 2 units so the x coordinate is 2.
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Its vertical distance along the y axis from the origin 0 is 3 units so the y coordinate is 3. 

Remember the x coordinate is always written fi rst. Often points have one or both coordi-

nates which are negative:

• Positive values of x are to the right of the origin.

• Negative values of x are to the left of the origin.

• Positive values of y are upwards from the origin.

• Negative values of y are downwards from the origin.

Figure 1.31

� Student exercises

X1.33 Use the coordinate graph (Figure 1.32) to complete this list:

• P is (−3, 1)

• Q is ()

• R is ()

Figure 1.32

• S is ()

• T is ()
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1.3.2 Excel and plotting straight line graphs from 
an equation
If we are given an equation of the form y = mx + c (e.g. y = 2x − 3) and calculate the values 

of y for a range of x values then we will fi nd if we plot the points onto a graph that a 

straight line will fi t through every coordinate point (x, y). Any values of x can be chosen to 

draw the graph but it is best to choose x values not too large or too small. To illustrate this 

concept consider Example 1.103 where y = 2x − 3.

Example 1.103

If we are given a linear equation, such as y = 2x − 3, we can draw the graph of this equation and 

it will be a straight line graph. Any values of x can be chosen to draw the graph but it is best to 

choose x values not too large or too small. In this case we will choose values of x from −3 to + 3.

Note In Example 1.103 (y = 2x − 3) depends upon x to the power 1 and is called a 

polynomial of order 1.

Figure 1.33 illustrates the method used to input a 

range of x values (−3, −2, −1, 0, 1, 2, 3) and the calcu-

lation of the value of y at each value of x.

For example, when x equals 2 the value of y = 2x 

− 3 = 2*2 − 3 = 4 − 3 = 1.

Th e next stage is to use Excel to plot the values of 

y and x.

Figure 1.33

Figure 1.34

Step 1 Highlight cells B4:C11 (see Figure 1.34)
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Step 2 Select Insert > Scatter from Excel menu (see Figure 

1.35)

Figure 1.35

Step 3 Choose option 3 to 

create the XY scatter (see 

Figure 1.36)

Figure 1.36

Step 4 Edit chart by delet-

ing horizontal grid lines, 

legend, and type in chart 

and axes titles (see Figure 

1.37).

Figure 1.37

We can see from Figure 1.37 that all data points do indeed fi t on the same straight line.

Manual solution

If we are given a linear equation, such as y = 2x − 3, we can draw the graph of this 

equation and it will be a straight line (linear). Any values of x can be chosen to 

draw the graph but it is best to choose x values not too large or too small. In this 

case we will choose values x from −3 to +3. First we make a table of values as 

shown below to calculate y.
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x −3 −2 −1  0  1  2  3

2x −6 −4 −2  0  2  4  6

−3 −3 −3 −3 −3 −3 −3 −3

y −9 −7 −5 −3 −1  1  3

Table 1.3

Th e graph can now be plotted using the coordinates (values of x and y) obtained 

from the table.

• (−3, −9)

• (−2, −7)

• (−1, −5)

• (0, −3)

• (1, −1)

• (2, 1)

• (3, 3)

Figure 1.38 illustrates the points plotted for y = 2x − 3.

Figure 1.38

1. From the graph of the plotted points for the equation y = 2x − 3 we observe 

that the line passes through the y axis line (x = 0 line) at y = −3. Th is value is 

called the y intercept.

2. It is important to note that all straight lines are graphs of linear equations 

(i.e. only x and y, no powers of x and y). 
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1.3.3 Linear equation parameters m and c
In Example 1.103 we calculated the coordinate points for (x, y) based upon an equation 

of the form y = mx + c, where the co-ordinate point (x, y) = (0, 0) is called the origin. 

Furthermore, we then used Excel to plot the points onto the graph and superimposed a 

straight line onto the graph (Figure 1.37). It was noted that the y-intercept is the value of 

y when x is zero. From the graph we note that this occurs when y = −3. Further observa-

tion notes that y = c when x = 0. Th e y-intercept in the equation y = mx + c is represented 

by the term ‘c’. But what is ‘m’?

� Student exercises

X1.34 • Complete the missing values for (x, y) in Table 1.4 where y = 3x + 1.

 • Draw the graph of y against x.

 • Identify the intercept on the graph and state the coordinates of the y intercept point.

X −2 0 +2

3x 0  6

+1 1

y −5

Table 1.4

Example 1.104

Consider the equation y = 2x + 4. The gradient of a straight line can be found by constructing 

a right angled triangle (Figure 1.39).

BC

AC 
 = 

12 − 4

4 − 0
 = 

8

4
 = 2

Figure 1.39

We observe that this value of gradient (or slope) of 2 is the same number that multiplies the ‘x’ 

variable in the general line equation y = mx + c. Therefore, ‘m’ represents the gradient of the line.
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Examples 1.103 and 1.104 illustrate the concept that all equations of the form y = mx + c 

will provide a straight line graph when y is plotted against x. It is important to note that 

the power of y and x is linear only. Th e general form of this equation is

y = mx + c (1.1)

Where ‘m’ represents the gradient (or slope) the line and ‘c’ represents the y-intercept 

(or the position where the line cuts the y axis when x = 0).

Note

1. If we construct a smaller right angled triangle, e.g. ADE, then the gradient of the line is 

 given by the equation, Gradient of line y = 2x + 4 = 
DE

AE 
 = 

8 − 4

2 − 0
 = 

4

2
 = 2.

2. From Figure 1.39 we observe that the y-intercept (and therefore ‘c’) is 4.

Example 1.105

Figure 1.40 illustrates a line with a positive 

gradient.

Figure 1.40

Example 1.106

Figure 1.41 illustrates a line with a gradient of 0.

Figure 1.41
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Example 1.107

Figure 1.42 illustrates a line with a negative 

gradient (or slope).

Figure 1.42

Example 1.109

Consider y = 2x + 3. From this equation we can state the value of ‘m’ and ‘c’ by comparing 

with the general form, y = mx + c. Compare y = 2x + 3 with y = mx + c. We can see that m = 2 

(gradient of line = 2 and the line slopes upwards since the 2 is a positive number) and c = 3 

(y-intercept of line is 3).

Example 1.108

Figure 1.43 illustrates a line with an infi nite gradient (or 

slope).

Figure 1.43

� Student Exercises

X1.35 State the gradient and the intercept of these line equations: (a) y = 5x + 1, (b) y = −3x + 5, 

 (c) y = 
1

2 
x + 3.
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1.3.4 Use Excel to calculate the equation of the line given 
data points
We can use Excel to calculate the gradient of the line and y intercept if we know the data 

point values by employing two Excel functions: SLOPE () and INTERCEPT (), which rep-

resents the slope (m) and intercept (c) respectively. Th e equation of the line is then of the 

form y = mx + c.

Example 1.110

Consider Example 1.103 where we were required to plot a graph of y against x for equation 

y = 2x − 3.

In this example the values of x were 

varied between −3 to +3 and the values of 

y were calculated. These data values have 

been inserted into the Excel workbook for 

x (B5:B11) and y (C5:C11). Excel has two 

functions ‘intercept’ and ‘slope’ which pro-

vide a value of intercept = −3 and slope = 

2. This would give an equation of the line 

of y = 2x − 3 (see Figure 1.44). This agrees 

with the equation in Example 1.101. Figure 1.44

➜ Excel function method

Intercept = Cell C13 = INTERCEPT(C5:C11, B5:B11)

Slope = Cell C14 = SLOPE(C5:C11, B5:B11)

Note The Excel functions ‘intercept’ and ‘slope’ are based upon a technique for fi tting 

lines to data sets called least squares regression. In these data sets the data points do not 

always lie on the same line and least squares fi ts a line based on minimising the degree of 

error between the line y value and the data value at a data point x value (see textbook 

Chapter 4 for further information).

� Student Exercises

X1.36 In Exercise X1.35 we stated the gradient and the intercept of these line equations: 

 (a) y = 5x + 1, (b) y = −3x + 5, (c) y = 
1

2 
x + 3.

(a) Use Excel to plot the data points and fi t a straight line.

(b) Use Excel to calculate the intercept and slope of this line.

(c) Do these answers agree with your answers to Exercise X1.35?
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1.3.5 Use Excel to plot a non-linear equation
In Example 1.103, we plotted y = 2x − 3 and noted that the relationship between y and x is 

a straight line relationship (also called a linear relationship). If we modifi ed this relation-

ship between y and x e.g. y = 2x2 − x + 4 or y = x3 − x + 1; the relationship between y and x 

would be a non-linear relationship. If we plot y against x for this type of example we 

would note that a curve (non-linear relationship) would result. Th is is always true when 

the power of x is not equal to 1.

Example 1.111

Consider the relationship y = 2x2 − 4x + 2. 

This represents a non-linear relationship 

between y and x given that the highest power 

of x is 2 in the equation y = x2 − 4x + 2. There-

fore, we have a polynomial of order 2 for the 

x variable – also called a quadratic equation.

We can use Excel to calculate the value of 

y for different values of x. For example if we 

use x = −5 to + 5 then the values of y are as 

illustrated in Figure 1.45. Figure 1.45

➜ Excel solution

x Cell B4:B14 Values

y Cell C4 Formula: = 2*B4^2-4*(B4)+2

 Copy formula down from C4:C14

If we plot these points using Excel then we fi nd that the variation in y based upon the 

value of x is as illustrated in Figure 1.46.

We observe from Figure 1.46 that the curve passes the y = 0 axis at one point on the 

x-axis. From the graph, we estimate that this is approximately x = 1.

Figure 1.46

9780199694068_online_CS4.indd   479780199694068_online_CS4.indd   47 9/28/12   10:34 AM9/28/12   10:34 AM



 48 Refresher course in key numerical skills 

For Example 1.111, y = 2x2 − 4x + 2. Th is implies that a = +2, b = −4, c = +2. Substituting 

these values into Equation (1.2) gives:

x = 
−b ± √b2 − 4ac

2a
 = 

−(−4) ± √(−4)2 −4(2)(2)

2(2)
 

 = 
+4 ± √16 − 16

4
 = 

+4 ± √0

4
 = + 1

Th is confi rms that the value of x when y = 0 is x = 1. Th e curve meets the y = 0 axis at 

x = 1 and we say that we have one root (x = 1) to the quadratic equation solution of 2x2 − 4x 

+ 2 = 0.

Note We can solve exactly the value of x where y = 0 by using the following equation.

Given 0 = ax2 + bx + c, then x is given by the Equation (1.2):

x = 
−b ± √b2 − 4ac

2a
 (1.2)

Note In Example 1.111, we note that b2 = 16 and 4ac = 16. Therefore, b2 = 4ac and a > 0. 

For a quadratic equation the value of x when y = 0 depends upon the coeffi cients a, b, and c in 

the quadratic equation y = ax2 + bx + c.

Example 1.112

Figure 1.47 Case 1 If b2 = 4ac then we have one root for ax2 + bx + c = 0.

(a)

Figure 1.47a
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Figure 1.47b

(b)

Figure 1.48a

Figure 1.48b

(b)

Example 1.113

Figure 1.48 Case 2 If b2 > 4ac then we have two roots for ax2 + bx + c = 0.

(a)
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We note from Figures 1.47–1.49 that the smallest (or largest value) of the y variable 

occurs at x = −b/2a. Th is concept of minimum and maximum value will be discussed in 

Section 1.5. Similar results can be found for all other equations of the form y is a function 

of x, written as y = f(x).

1.3.6 Other polynomials: cubic, hyperbola
Th e general form of the cubic equation is y = ax3 + bx2 + cx + d, where the terms ‘a’, ‘b’, 

‘c’, and ‘d’, are the coeffi  cients of x3, x2, x, and constant term respectively. For example, 

y = x3 + 2x − 4 and y = 4x3 − x2 are examples of cubic equations.

Figure 1.49a

Figure 1.49b

(b)

Example 1.114

Figure 1.49 Case 3 If b2 < 4ac then we have no roots for ax2 + bx + c = 0.

(a)
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We observe from Figure 1.50 that we have two points where the curve crosses the 

y = 0 axis (or x-axis) and two turning points at approximately x = 0 and x = 4 where the 

curve changes direction. Th ese two observations provide a rational for two separate 

calculations:

1. Calculating the coordinates of the point where the curve crosses the y = 0 axis.

For this case the value of y = 0 in the equation y = x3 − 6x2. Th erefore, the problem 

reduces to x3 − 6x2 = 0. Using the method of factorization allows the solution of this 

problem as follows: x3 − 6x2 = 0 can be re-written as x2(x − 6) = 0. Th is implies that 

x2 = 0 or x − 6 = 0. Th erefore, we have two solutions for x such that x3 − 6x2 = 0 e.g. x = 0 

and x = 6. Substituting x = 0 into the equation for y gives y = 0 and substituting x = 6 

into the equation for y gives y = 0. Furthermore, we can observe from Figure 1.50 that 

this exact solution does indeed look correct. Th e coordinates (x, y) of the point where 

the curve cuts the y = 0 axis occurs at two points (0, 0) and (6, 0).

2. Find the coordinates of the turning points observed in Figure 1.50.

 Th e coordinates of the two turning points for y which we can observe in Figure 1.50 

occur when x is approximately equal to x = 0 and x = 4. Th e question is how we calcu-

late the exact value of x and therefore the corresponding two y values. Th is can be 

resolved either by plotting the graph and reading the value or by using a formula 

method to solve for the values of x. Th e method that we will use is a method of calculus 

called diff erentiation which is explained in Section 1.5.

Th e general form of the hyperbola equation is y = a/x, where the term ‘a’ is the coeffi  -

cient of 1/x. For example, y = 1/x, y = 78/x, y = 4/x + 45, and y = [2/(x − 1)] − 3.

Example 1.115

Consider the cubic equation y = x3 − 6x2.

Figure 1.50 represents the graph of y against x for this function which illustrates the general 

shape of a cubic equation.

Figure 1.50
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Example 1.116

Figure 1.51 illustrates a graph of y against x for the equation y = 5 + 12/x.

Figure 1.51

Note

1. It should be noted that for an equation of the form y = 1/x, when x is large, y is small and 

when x is small, y is large. This is true for positive and negative values of the variable x.

2. An important observation is what happens to the value of the variable y when the value 

of x moves to zero. When x = 0 the value of y = 1/x = 1/0. This is impossible to solve and 

we use a special symbol infi nity to describe the value of y when x = 0. Mathematicians 

use the concept of a limit to write a solution to this problem. For y = 1/x, (a) as x moves 

towards zero the value of x moves towards infi nity (x → 0 as y → +∞), and (b) as y moves 

towards zero the value of x moves towards infi nity (y → 0 as x → +∞). Symbols: → 

means move towards, ∞ is the symbol for infi nity.

3. It should be noted that for negative values of x the graph of y against x would be a mirror 

image, e.g. for y = 5 + 12/x for x = −0.1 to −10 the graph is represented in Figure 1.52.

Figure 1.52
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1.4 Describe change with index numbers

Managers are frequently concerned with the way in which values change over time. 

For example: income, sales, profi ts, and the cost of raw materials will all change over a 

given period. Th e simplest  way to analyse time series data is to compare a value from one 

point in time with some other value at a diff erent point in time (called the base period). 

Th is ratio is called an index number. To illustrate the concept consider the simplest case 

illustrated in Example 1.117.

� Student Exercises

X1.37 Solve the following quadratic equations using the graphical and formula methods: 

(a) 4x2 − 9 = 0, (b) x2 − 2x − 15 = 0, and (c) 3x2 − 16x + 5 = 0.

Example 1.117

Example 1.117 represents average annual domestic crude 

oil prices in the USA from 1980–2007. 

The price is given in US dollars per barrel (£/bbl). In 

1985, for example, the average price of oil was $26.92. In 

2007, the same oil was priced at $64.20. The question we 

are interested in is: by how much has the 2007 nominal 

price changed when compared to the one from 1985? To 

answer this question we need to use index numbers.

An index number measures the change, typically 

expressed in percentages. 

To answer the question we introduced, all we have to 

do is to divide the price of oil from 2007 with the one 

from 1985 and multiply it by 100:

Index change = 
Price from 2007

Price from 1985
 * 100 = 

64.20

26.92
 * 100 = 238.00

In other words, if the price in 1985 is treated as a base index period (which is equal to 100); 

then the price in 2007 is 138% higher than the one in 1985, i.e. 238 − 100 = 138.

Figure 1.53

1.4.1 Simple index numbers
A general formula for calculating a simple index It at any point in time is:

It = 
yt

y0

 * 100 (1.3)
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Where yt is the value for the year for which the index is calculated and y0 is the value for 

the base year. In our example above, this is:

I2007
 = 

y 2000

y 1985

 * 100 = 
64.20

26.92
 * 100 = 238.00

Clearly, it is easy to calculate indices in Excel. We show two examples using the same 

time series, one calculating indices for 1980 as the base year and the other one for 1992 as 

the base year. Figure 1.54 illustrates the Excel calculation procedure to calculate the 

required indices:

Figure 1.54 illustrates the index values of average annual oil price.

Figure 1.54

➜ Excel formula method

Year: Cells A2:A29 Values

Average price: Cells B2:B29 Values

Index value with base year 1980

Index = Cell C2 Value = 100

       Cell C3 Formula: = B3/$B$2*100

 Copy formula down C3:C29

Index value with base year 1992

Index = Cell E3 Formula: = B2/$B$14*100

 Copy formula down E3:E13

       Cell E14 Value = 100

       Cell E15 Formula: = B15/$B$14*100

 Copy formula down E15:E29
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To convert indices from one year to another is very easy. Let say that we want to know 

by how much was the price of oil higher in the year 2000 when compared to year 1990. 

Using the fi rst series of indices, the one where 1980 is the base year, this is calculated as:

I2000 = 
I2000 − I1990

I1990

 * 100 = 
73.20 − 61.97

61.97
 * 100 = 18.12

If we tried to do the same for the second series of indices, the one where 1992 is the 

base year:

I2000 = 
I2000 − I1992

I1992 
 * 100 = 

142.29 − 120.47

120.47
 * 100 = 18.11

Th e numbers behind the decimal point do not match due to the rounding error.

❉ Interpretation

1. For the fi rst index series: The price of oil in the year 2005, for example, was 33.73% (133.73 

− 100) higher than the price of oil in 1980.

2. For the second index series: The price of oil in the year 1999, for example, was 13.97% (100 

− 86.03) lower than the price of oil in 1992.

❉ Interpretation Indices can be converted easily from one base to another. Regardless 

which series of indices we use, the price of oil in year 2000, for example, was 18% higher than 

the price of oil in 1990.

Rather than having a time series of indices on a fi xed basis, i.e. starting from one particu-

lar year that is equal to 100, we can have indices on a year-to-year basis.

Th is eff ectively means that every previous year is equivalent to 100. Figure 1.55 illustrates 

the calculation procedure to calculate the average oil price and index values for oil prices.

Figure 1.55
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Th e above series of number is very interesting as it actually shows us a percentage of 

change that takes place on a year-by-year basis. Using index numbers, we can calculate 

a number of other more complicated indices. Th is takes us to an example of aggregate 

price indices.

1.4.2 Aggregate index numbers
One of the best known aggregate price indices is the US Consumer Price Index (CPI) or 

the UK Consumer and Retail Price Indices. Similar aggregate indices exist in every coun-

try. Th is index is calculated every year (in fact it is calculated every month) by the US 

Bureau of Labor Statistics and it is a primary measure of changes in cost of living in the 

US. In fact, CPI measures changes in the cost of a typical market basket of goods and 

services. It is composed of housing prices, transportation, food, energy, medical care, etc. 

What is really important to understand is that CPI is a measure of infl ation. Infl ation 

is eff ectively calculated as the percentage change in the CPI from one year to the next 

(or one month to the next).

➜ Excel formula method

Year: Cells A2:A29 Values

Average price: Cells B2:B29 Values

Index value with base year 1980

Index = Cell C2 Value = 100

      Cell C3 Formula: = B3/B2*100

 Copy formula down C3:C29

❉ Interpretation The average oil price in 1985, for example, has dropped when com-

pared to the previous year by 6.37% and the price in 2007, for example, has grown by 10.12% 

in comparison with the previous year.

Example 1.118

Figure 1.56 shows the value of CPI from 1980–2007 and they are calculated on the basis of year 

2000.

Figure 1.56
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To calculate the value of CPI for year 2007, for example, when compared to the previous 

year, we can use the equation we have already introduced:

CPI2007 = 
I2007 − I2006

I2006

 * 100 = 
120.41 − 117.07

117.07
 * 100 = 2.85

❉ Interpretation The annual infl ation rate in the US, measured as CPI, in 2007 was 

2.85%.

A more generic expression of the above equation is:

CPIyearA = 
I   yearA  − I yearB

IyearB

 * 100 (1.4)

CPI has one very important quality and that is: it can be used as a price defl ator. We can use 

CPI to convert (or defl ate, hence the word defl ator) prices from any year into the so called 

constant prices. This is sometimes called converting current dollars into real dollars, that is, 

dollars free from the infl ation.

Simple aggregate indexes add together the prices of all items included in the ‘basket of 

goods’, ignoring the quantity bought. Weighted aggregate indexes, such as the RPI, weight 

each price according to the quantity purchased in a particular time period. Two key weighted 

indexes include: a Laspeyres’ index and a Paasche index.

Laspeyres’ index

In this case we have a range of products with diff erent prices and quantities purchased. If 

the quantities purchased at the base period is defi ned by QB and the corresponding price 

associated with each product is PB, then the total cost in the base period is given by the 

following equation: Total cost base period = ∑QBPB. At a diff erent time point the price 

as changes to Pn but the quantity purchased for each product as not changed (OB). Th e 

total cost in the new time period is given by the following equation: Total cost new period 

= ∑QBPn. Th e ratio of total cost new period to total cost base period (multiplied by 100) 

is called the Laspeyres’ index.

Laspeyres’ index = 
∑QBPn

∑QBPB

 × 100 (1.5)

Advantages

Th e Laspeyres’ index measures the change in an identical ‘basket’ of goods and services 

over a period. In infl ation measures, for example, the prices of foods might be considered 

to be more important in consumer spending patterns than the purchase of light bulbs. 

Changes in the price of those items, which feature heavily in everyday spending, there-

fore can be more accurately refl ected in the resulting index. Th e Laspeyres’ index uses 

weights determined in the base year.
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Disadvantages

Unfortunately, the Laspeyres’ index does not take into account that as prices increase the 

consumer will usually buy less of the product, or purchase a cheaper product, in either 

case reducing the sales volume of the original product. As a result of this oversight, 

Laspeyres’ index systematically overstates infl ation.

Paasche index

Th e Paasche index measures the current price or quantity levels relative to those of a 

selected base period. It diff ers from the Laspeyres’ index in that it uses current-period 

weighting. Th e Paasche index includes not only the price changing (Pn) but also the 

change in quantity (Qn). Equation (1.5) can then be modifi ed to create the Paasche index 

defi ned by Equation (1.6):

Paasche index = 
∑QnPn

∑QBPB

 × 100 (1.6)

Advantages

Th is index assumes that consumer taste and preferences change to maintain a constant 

level of satisfaction and compare the cost of consumer’s current market basket of goods 

with what it would have cost to buy this basket in an earlier period. For example, the 

compact disc played a more important part in spending habits ten years ago than they do 

today. Th ey have now been superseded by the availability of DVDs and Blu-Ray discs. 

Weightings therefore have to be changed periodically to refl ect these changes. A Paasche 

index will take this into account every year.

Disadvantages

Paasche price index tends to understate infl ation. Th e eff ects of substitution would mean 

that greater importance is placed on goods that are relatively cheaper now. As a result, 

this index tends to understate price. Th e comparison between years is diff erent because 

the index refl ects both changes in price and quantity. Th e index requires information on 

the current quantities and this may be diffi  cult or expensive to obtain.

1.4.3 Defl ating values

Example 1.119

Let’s take the example of oil prices as before. Column B repeats the average annual price of the 

domestic crude oil in $/bbl. These values are given in current dollars, that is, the value of dollar 

in every given year. The third column shows us the values of the CPI index for every year, given 

on the basis of year 2000 = 100.
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To convert the prices of oil into a constant value, we need to defl ate them. In our 

example we can defl ate values by multiplying annual prices with their corresponding CPI 

that is divided by the base year, i.e. year 2000, as per our example: Price at time A = Price 

at time B × (CPI at time A / CPI at time B). In more general sense, this equation is:

PA = PB * 
CPIA

CPIB

 (1.7)

Figure 1.57

Oil prices defl ated with 
CPI with base year = 2000

➜ Excel formula method

Year Cells A2:A29 Values

Oil price Cells B2:B29 Values

CPI Cells C2:C29 Values

Defl ated Cell D2 Formula: = B2*($C$29/C2)

 Copy formula down from D2:D29

❉ Interpretation The price of oil in 2007, when expressed in constant dollar value for 

year 2000, was $53.32 (cell D29 in Fig. 1.57). The price of oil in 1980, on the same basis, i.e. 

in constant year 2000 dollars, was $78.19 (cell D2 in Fig. 1.57). This means that in real terms the 

price of oil in 1980 was much higher than in 2007.

Using the previously described technique for converting indices from one base to 

another, if we wanted to calculate the price of oil on the basis of constant value of US 

dollar for the year 2007, the calculation is:
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Th e above table helps us with simple questions such as: Is the price of oil in 2007 of 

$64.20 higher in real terms than the price of oil of $37.42 in 1980? We can translate this 

into a question: how much is $37.42 from 1980 worth in 2007 terms? Th is is calculates as: 

adjusted price = old price*(CPI for 2007/CPI for 1980). In more general terms:

ytadj
 = yt 

⎛
⎝

CPIFixed

CPIt

⎞
⎠
 
 (1.8)

Figure 1.58

Defl ated oil prices 
with CPI with base 
year = 2007

❉ Interpretation Given that 2007 price of oil is $64.20, this means that in 1980 the price 

of oil was equivalent to $94.14. Using the constant value of dollars in 2007, the price of oil in 

1980 was $29.94 dollars more than the 2007 price of oil of $64.20.

1.4.4 UK Consumer and retail price indexes
One of the best known aggregate price indices is the UK consumer price index (CPI) and 

UK retail price Index (RPI). The CPI index is the measure adopted by the Govern -

ment for its UK infl ation target. In the June 2010 Budget, the Chancellor announced the 

government’s intention to use the CPI for the price indexation of benefi ts, tax credits 

and public sector pensions from April 2011. RPI is the retail prices index – the uses of the 

RPI and its derivatives include indexation of index-linked gilts. Historically the RPI has 

also been used for indexation of pensions and state benefi ts.

Figure 1.59 illustrates the variation in UK infl ation rates between April 2009 and 

April 2011.

9780199694068_online_CS4.indd   609780199694068_online_CS4.indd   60 9/28/12   10:34 AM9/28/12   10:34 AM



   Refresher course in key numerical skills  61

1.5 Describe change with calculus

1.5.1 Introducing the concept of differentiation
In Section 1.3.5 we observed from Figures 1.46−1.49 that the quadratic equation can 

have either a minimum or maximum value of the y variable based on a particular value of 

x (= −b/2a). In this section we expand on this by using diff erentiation to calculate the 

value of the turning points (minimum value of y given x and/or maximum value of y given 

x) and the corresponding actual coordinates of the (x, y) coordinates at the minimum/

maximum values.

Figure 1.59

Source: UK Offi ce for National 
Statistics, http://www.statistics.gov.uk, 
accessed 5/6/2011.

� Student Exercises

X1.38 Using the data in table 1.5 calculate the indices with a base year = 2000. Recalculate the 

indices but this time take the base year = 2003.

Year 2000 2001 2002 2003 2004 2005 2006 2007 2008

Sales 230 300 290 320 350 400 350 400 420

Table 1.5

X1.39 Use the CPI values from Example 1.117 to convert the sales values from the student 

exercise X1.38 to a constant dollar value based on 2004 value of dollar.

X1.40 What is the real value of the sales value in 2007 if you put it on the constant year 2000 

basis?
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In this Section we will link the concept of minimum and maximum values of a 

vari able y that depends upon a function x to the idea of calculus, and specifi cally 

diff erentiation.

Example 1.120

Reconsider Example 1.111: y = 2x2 − 4x + 2.

Figure 1.60 illustrates the shape of the curve in which we can observe that a minimum value 

of y occurs at x = −b/2a = −(−4)/(2(2)) = 1 with a minimum value of y = 0.

Min y = 2*(1)^2 − 4*1 + 2 = 0.

Figure 1.60

Example 1.121

Reconsider Example 1.113 (b): y = −x2 − 8x + 1.

Figure 1.61 illustrates the shape of the curve in which we can observe that a maximum value 

of y occurs at x = −b/2a = −(−8)/(2(−1)) = −4 with a maximum value of y = 17.

Max y = −(−4)^2 − 8*(−4) + 1 = 17.

Figure 1.61
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Example 1.122

Re-consider Example 1.103: y = 2x − 3.

We observed that a graph plot of y against x produces a straight line graph as illustrated in 

Figure 1.62.

Figure 1.62

We can calculate the gradient of this line by taking 2 points on the line, noting the value of 

the coordinates at these two points e.g. P1 (x1, y1), and P2 (x2, y2) as follows:

Gradient = 
   y2 − y1

x2 − x1

 = 2

This value of gradient corresponds to the number that multiplies the x variable in the line 

equation of the form y = mx + c.

Example 1.123

Now reconsider Example 1.111: y = 2x2 − 4x + 2.

Figure 1.63 represents a graphical representation of the relationship between the two vari-

ables y and x.

Figure 1.63

We can use the method described in Example 1.122 to estimate the gradient between two 

points that lie on the curve e.g. between points P1, P2.
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At this point let us assume the x coordinate of P1 = 4 and P2 = 8. If we substitute these 

values of x into the equation for y then we can calculate the value of y at point P1 and P2. 

Substituting each value of x into y = 2x2 − 4x + 2 gives the value of y at each point and 

therefore the value of (x, y) for each coordinate point for points P1 and P2. Th erefore, the 

coordinates for P1 and P2 would be (4, 18) and (8, 98) respectively. Th e gradient between 

these two would then be (y2 − y1)/(x2 − x1) = 20. If we choose two diff erent points on the 

curve then we would fi nd that the gradient of the line between the two points would 

change. For the quadratic equation described in this example the following rules apply as 

we can observe from Figure 1.63:

• Th e large gradients would occur for large values of x.

• Th e gradient would be zero at the minimum value of y with x = −b/2a.

• Th e gradient would be positive when x > −b/2a.

• Th e gradient would be negative when x < −b/2a.

What we would like to achieve is to calculate the gradient of the curve at a particular 

point on the curve.

If we move P2 towards P1 along the curve then when P2 coincides with P1 the line join-

ing the two points would just touch the curve at one place as illustrated in Figure 1.64. 

Th e gradient of the curve at point P is called the instantaneous gradient at point P.

Unfortunately, we cannot use the average gradient method since we do not have two 

distinct values of x.

Figure 1.64

To calculate the gradient of the curve at a particular point on the curve we use the 

method of diff erentiation. Diff erentiation is a method that can be employed to solve 

problems where a variable is a function of another variable, for example, if y is a function 

of x then we can write this as y = f(x) e.g. y = x2, y = x3, y = x3 + 3x2 − 6. To diff erentiate this 

type of relationship we can use the following rule:

If  y = axn (1.9)

Th en  
dy

dx
 = anxn−1 (1.10)

Equation (1.10) is called the fi rst derivative of y on x.
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Example 1.124

Re-consider Example 1.103: y = 2x − 3. From earlier calculations we noted that the gradient of this 

line is 2. So, let us use differentiation to calculate the same value for the gradient. If we compare 

y = axn with y = 2x − 3 then we note that the equation for y has two x terms: 2x (a = 2, n = 1) and 

−3 (a = −3, n = 0 (since x0 = 1)). Now use the rules of differentiation to differentiate y = 2x − 3:

   dy

dx
 = 2(1)x1−1 − 3(0)x0−1

   dy

dx
 = 2(1)x0 − 3(0)x−1

   dy

dx
 = 2(1)(1) − 0

   dy

dx
 = 2

Therefore, according to the differentiation of equation y = 2x − 3, the gradient of the 

line is 2 which agrees with the y = mx + c method (Example 1.22).

Example 1.125

Now reconsider Example 1.120 (& Example 1.123): y = 2x2 − 4x + 2. Now use the rules of dif-

ferentiation to differentiate y = 2x2 − 4x + 2.

   dy

dx
 = 2 * 2x2−1 − 4(1)x1−1 + 2 * 0x0−1

   dy

dx
 = 4x1 − 4x0 + 2 * 0

   dy

dx
 = 4x − 4

Therefore, the gradient of the curve at a point on the curve (x, y) is given by the 

equation:

   dy

dx
 = 4x − 4

Note Remember x = x1 and x0 = 1)

• If x = 0, then the gradient of the curve at x = 0 is equal to 4(0) − 4 = −4. Therefore, the tangent 

of the line would slope downwards (gradient negative) with a unit increase in x producing 

a 4 unit decrease in y.

• If x = 1, then the gradient of the curve at x = 1 is 4(1) − 4 = 0. This tells me that we are now 

at the minimum value of y.

• If x = 3, then the gradient of the curve at x = 3 is equal to 4(3) − 4 = 8. Therefore, the tangent 

of the line would slope upwards (gradient positive) with a unit increase in x producing a 

8 unit increase in y.
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1.5.2 Finding the minimum and maximum value of 
a function

Minimum value 

From the examples above we noted that we have a minimum value of x given that the 

gradient is equal to zero. Th is implies that at the minimum value the fi rst derivative is 

equal to zero:

dy

dx
 = 0 at a minimum value.

Example 1.126

From Example 1.123: y = 2x2 − 4x + 2, the minimum value of y occurs when 4x − 4 = 0. If we 

solve this equation we see that 4x − 4 = 0 only occurs when x = 1. This agrees with the method 

described in Example 1.120.

Example 1.127

Reconsider Example 1.121 (b): y = −x2 − 8x + 1 which we know has a maximum value when 

x = −4 and max y = 17. To confi rm this we differentiate the equation y = −x2 − 8x + 1 with respect 

to the variable x.

   dy

dx
 = −1(2)x2−1 − 8(1)x1−1 + 1(0)x0−1

   dy

dx
 = −2x1 − 8x0 + 0

   dy

dx
 = −2x − 8

At a maximum value: 
   dy

dx
 = 0. Therefore, solve −2x − 8 = 0. Solve to give x = −4. This agrees with 

the method described in Example 1.121.

How to decide if a minimum or maximum value?

Maximum value

Conversely, a maximum value will occur when the fi rst derivative is equal to zero:

dy

dx
 = 0 at a maximum value.
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We will observe that the same fi rst derivative rule applies for a minimum and maximum 

value: 
   dy

dx
 = 0. So the question that we need to answer is how do we decide whether we have a 

minimum or maximum value. To answer this question we differentiate the equation 
   dy

dx
 to give 

the second derivative of y on x ⎛⎝notation for the second derivative is 
   d2y

dx2

⎞
⎠

 
.

2nd differentiation rule to decide if a minimum or maximum value exists:

1. 
   d2y

dx2
 > 0, then we have a minimum value of y.

2. 
   d2y

dx2
 < 0, then we have a maximum value of y.

Example 1.128

Re-consider Example 1.126: y = 2x2 − 4x + 2, the minimum value of y occurs when 4x − 4 = 0. 

Solving this equation gives x = 1 with a minimum value of y = 0.

   dy

dx
 = 4x − 4 = 0

   d2y

dx2
 = 4 > 0

Therefore, the equation y = 2x2 − 4x + 2 has a minimum value of y at x = 1 when 

y = 0.

Re-consider Example 1.127 (b): y = −x2 − 8x + 1 which we know has a maximum value when 

−2x − 8 = 0. Solving this equation gives x = −4 with a maximum value of y = 17.

   dy

dx
 = −2x − 8 = 0

   d2y

dx2
 = −2 < 0

Therefore, the equation y = −x2 − 8x + 1 has a maximum value of y at x = −4 when 

y = 17.

1.5.3 Relationship between differentiation and 
integration
Th e concept of integration is a method that reverses the process of diff erentiation—in other 

words, we start with the gradient equation ⎛⎝
dy

dx
⎞
⎠ and fi nd the original function, y = f(x).
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� 
dy

dx
 dx = � 6x dx

From the earlier discussion we know that this term is equal to 3x2 + c, where c is an 

unknown constant term (i.e. a number).

� 6x dx = 3x2 + c

Th e general rule to integrate an equation of a term such as y = f(x) is as follows:

If y = axn (1.11)

� y dx = 
axn + 1

n + 1
 + c (1.12)

In this case we cannot calculate the value of the constant term c and we call this an 

indefi nite integral. If we know the value of the constant term then we call this a defi nite 

integral.

1.5.4 Application to economics

Th e key application of diff erentiation within business is within the study of economics 

when calculating marginal costs and the price elasticity of demand.

Example 1.129

To illustrate the method let us consider the problem 
   dy

dx
 = 6x. The problem we have is that we 

can state what the original x term was but we do not know what the constant term was equal 

too. For example, y = 3x2, y = 3x2 + 3, y = 3x2 − 4. Each of these equations when differentiated 

would give 
   dy

dx
 = 6x. Thus, if we want to return the fi rst derivative function 

   dy

dx
 = 6x to its original 

form y = f(x) then we call this process integration.

� Student exercises

X1.41 Find 
   dy

dx
 for the following functions and state the value of (x, y) at the turning points 

 (if any) and use the second derivative to confi rm whether it is a minimum or maximum:

(a) y = x2 + 3x + 7

(b) y = 3x + 4

(c) y = 4x3 − 6x2 + 12
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■ Techniques in Practice

1. Coco S.A. supplies a range of computer 

hardware and software to 2000 schools within 

a large municipal region of Germany. From 

previous experience the company have raw 

data that measures the selling price (n) for a 

particular computer component against the 

demand for that component (Table 1.6):

(a) Plot the graph of demand against 

selling price.

(b) Use the graph to state the possible relationship between the demand and selling price.

(c) Estimate from the graph the demand when the selling price is at least n300.

2. Bakers Ltd run a chain of bakery shops and is famous for the quality of its pies. The weekly 

rental of a van to deliver pies to local outlets is £100, plus £0.10 per mile or part of a mile. What 

is the total cost if you want to rent a car to go on a two week trip and plan to cover X number 

of miles?

(a) Set up the function for the total cost.

(b) What type of function is this?

(c) What would be the total cost if the van drove 3000 miles?

3. Skodel Ltd produces a range of beers and lagers and is renowned for the quality of 

its beers; winning a number of prizes at trade fairs throughout the European Union. From 

his torical records the relationship between total revenue, TR, and quantity (q) produced is 

TR = 120 q − 0.5 q2.

(a) Plot total revenue against demand.

(b) What is the relationship between total revenue and demand?

(c) What term do we use to describe this type of relationship where the independent 

variable is raised to the power 2?

(d) Estimate the value of demand when the total revenue is at a maximum from the graph.

(e) Confi rm using calculus the value of demand at this maximum total revenue – base your 

argument on the calculation of the fi rst and second derivative.

■ Summary

In this chapter we have provided the reader with a set of tools that can be used to aid their 

understanding of applying mathematical concepts in solving problems. The skills developed in 

this chapter will be used in all other chapters within this text book. The next chapter will explore 

visualising data sets using charts, graphs and calculating measures of average, spread, and 

shape.

Selling price, s Demand, d

100 482

150 303

200 190

250 102

290  5

320  0
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■ Exercise answers

X1.1  1. 80%  2. 33 
1

3
 %  3. 75%  4. 28 4/7%

  5. 120%

X1.2  1. 65%  2. 37. 5%  3. 89%  4. 60%

  5. 234%

X1.3  1. 1/4  2. 3/10  3. 1 2/5  4. 1/3

  5. 3/8

X1.4  1. 0.63  2. 0.047  3. 0.5165  4. 0.031

  5. 0.07

X1.5  1. 15  2. 21  3. 15  4. 3.6

  5. 30

X1.6  1. £208  2. £192  3. £462  4. £378

X1.7  1. 25%  2. 20%  3. 28 4/7%  4. 20%

  5. 12 1/2%

X1.8  1. (a) 1 : 2   (b) 2 : 3   (c) 2 : 5   (d) 6 : 5   (e) 8 : 1

  2. 20:3

  3. 1 : 5 as a fraction 1/5

X1.9  1. £200 : £100  2. 25 : 35  3. 14 cm, 21 cm, 49 cm

  4. (i) £12  (ii) £30   5. £210

X1.10  1. 60p  2. 64p  3. 7.5 hours or 7 hours 30 minutes

  4. £5.25  5. 20 glasses

X1.11  1. n248.56  2. £482.78  3. £187.50  4. 400 000 lire

  5. (i) 30000 (ii) £100.00

X1.12  1. 6 days  2. £6  3. 4 days

X1.13  1. +3 + 9 = + 12  2. +10 − 5 = +5

  3. −15 + 2 = −13  4. −20 − 20 = −40

  5. +13 − 10 = + 3  6. +24 + 12 = +36

  7. −21 − 21 = −42  8. −21 + 21 = 0

  9. +12 − 12 + 12 = + 12 10. +100 + 50 + 20 = +170

X1.14  1. +12  2. +12  3. +40  4. +9

  5. +16  6. −36  7. +3  8. +3

  9. −3 10. −100 11. −2 10. −6

 13. −4 14. −5 1/3 15. −4 2/3 16. +25

X1.15 Here a, b and c have been chosen for the numbers.

  1. 4a  2. 
a

4
  3. a − 8

  4 a + 6  5. a + b + c  6. 3ab

  7. 6a + 5b  8. 4a − b
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X1.16  1. 5  2. 2  3. 7  4. 2

  5. 18  6. 0  7. 6  8. 24

  9. 24 10. 10

X1.17  1. 9  2. 64  3. 50  4. 12

  5. 76  6. 58  7. 30  8. 100

  9. 4.5 10. 12.5

X1.18  1. 4  2. −6  3. 2  4. 10      5. 0

X1.19  1. 14a  2. 5a  3. 8xy  4. 7a

  5. 6b  6. 2a + 2b  7. 6b − 13a  8. 8b2 + 2b

  9. 9s2t 10. 8b2 + 7b

X1.20  1. 6a2  2. 6ab  3. 24a  4. −12a2

  5. −12st  6. +12st  7. 8a4  8. 6a2b2

  9. ab 10. 4a 11. 
2a

b
 12. 4abc

 13. 
−a

b
 14. 

3

y
 15. 

1

3

X1.21  1. 2x + 6  2. 4a + 4b  3. 6a − 6b  4. 5x − 15

  5. 12x + 6y  6. −m − n  7. −6x − 10  8. −12 + 18x

  9. −2p − 3q 10. 12ab − 4b2

X1.22  1. 5x + 16  2. x − 10  3. −2x2 + x − 4

  4. 8a  5. 7x2 + 29x + 16

X1.23  1. a7  2. b6  3. 12s6  4. 27

  5. 
1

27
  6. 64  7. 

1

64
  8. 32

  9. 
1

32
 10. 4 11. 3 12. 2

 13. 3 14. 3 15. 
1

3
 16. 4

 17. 
1

4
 18. 

1

1000
 19. 25 20. 1

 21. 8 22. 16 23. 1 24. 
1

9

X1.24  1. 6.5 * 103  2. 8.2 * 10−3  3. 1.323 * 102  4. 5 * 10−1

  5. 4.3 * 10  6. 2.66 * 106  7. 3.5 * 10−1  8. 2.1 * 109

  9. 1.2 * 102 10. 2.7 * 10−1

X1.25  1. a = 4  2. x = 4  3. b = 7  4. b = 12

  5. a = 2  6. a = 5  7. a = 6  8. g = 1

  9. b = −1 10. a = −2
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X1.26  1. J = 45  2. P = 14  3. I = 16  4. x = 18

  5. C = 160  6. R = 8  7. A = 13.5  8. C = 5

  9. R = 21 10. C = 3

X1.27 (a) log3 27 = 3, (b) log2 32 = 5, (c) log4 1 = 0.

X1.28 (a) 3, (b) 1, (c) −3.

X1.29 −1

X1.30 A value that is dependent upon the value of the independent variable?

X1.31 It is a variable that stands alone and isn’t changed by the other variables you are trying 

to measure.

X1.32 A polynomial of order 2.

X1.33 1. Q (−2, 4), 2. R (2, 4). 3. S (3, −3), 4. T (−2, −4).

X1.34 (a) Y = 3x + 1, (c) Intercept = +1, coordinate of intercept point = (0, 1)

X1.35 (a) Gradient m = 5 and y-intercept c = +1, (b) Gradient m = −3 and y-intercept c = +5, 

 (c) Gradient m = 
1

2
 and y-intercept c = +3.

X1.36 (a) Intercept = 1 and slope = 5. Yes, (b) Intercept = 5 and slope = −3. Yes, (c) Intercept = 

 3 and slope = 
1

2
. Yes.

X1.37 (a) ±1.5, (b) 5, −3, and (c) 5, 1/3.

X1.38 Table 1.7 gives the answers to the indices with base = 2000 and 2003 respectively.

 Figure X1.38

X1.39 Table 1.6 illustrates the real value of sales in 2007 if base year = 2000.

Table 1.7

Table 1.8

 Figure X1.39

X1.40 The value of sales in 2007, which is $400, when converted to constant dollars from year 

2000, becomes $332.2.

X1.41 Find 
   dy

dx
 for the following functions and state the value of (x, y) at the turning points 

 (if any) and use the second derivative to confi rm whether it is a minimum or maximum:
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(a) y = x2 + 3x + 7

 
   dy

dx
 = 2x + 3. Turning point occurs when 2x + 3 = 0 at x = −1.5.

 
   d2y

dx2
 = 2 > 0, minimum value at x = −1.5.

 Minimum occurs when x = −1.5 and y = 4.75

(b) y = 3x + 4

 
   dy

dx
 = 3. Turning point at x does not exist given that the relationship between y and x 

 is linear.

 No minimum value.

(c) y = 4x3 − 6x2 + 12

 
   dy

dx
 = 12x2 − 12x. Turning point occurs when 12x2 − 12x = 0. Solving this equation to 

 give two turning points at x = 0, x = 1.

 
   d2y

dx2
 = 24x − 12.

 When x = 0, 
   d2y

dx2
 = 24x − 12 = −12 < 0 (this represents a local maximum)

 When x = 1, 
   d2y

dx2
 = 24x − 12 = 12 > 0 (this represents a local minimum)

 Minimum occurs when x = 1 and y = 4x3 − 6x2 + 12 = 4 − 6 + 12 = 10.

 Minimum occurs when x = 0 and y = 4x3 − 6x2 + 12 = 12.

TP1 (a) Plot the graph of demand against selling price. 

Figure tp1a

(b) Linear relationship.

(c) Demand is zero when selling price is at least n300.

TP2 (a) TC = 200 + 0.1X

(b) Linear

(c) Total cost = £500
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TP3 (a) Plot total revenue against demand.

Figure tp3a

(b) Non-linear relationship between total revenue and demand?

(c) Quadratic.

(d) From the graph, maximum revenue lies between demand of 100 and 150. The estim-

ated value from the graph is 120 units.

(e) The fi rst derivative equation 
  dTR

dq
 = 120 − 1q. This equals zero at a maximum or mini -

 mum. Therefore, q = 120. Use the 2nd derivative to state whether it is a maximum or 

 minimum, 
  d2TR

dq2
 = −1 < 0. Given that this is negative then we have a maximum. 

 Therefore, we have a maximum total revenue when demand is 120, which agrees 

with the graphical method.

■ Further Reading

Each chapter will include identifi ed further reading resources that can be accessed by students. 

This list will include traditional textbooks and online resources in statistics and the application 

of the Excel spreadsheet.

1. G. Davis and B. Pecar (2010) Business Statistics Using Excel, Oxford University Press.

2. B. Gaulter and L. Buchanan (2000) GNVQ key skills: Application of Number (2nd edn), Oxford 

University Press.

■ Formula summary

y = mx + c (1.1)

x = 
−b ± √b2 − 4ac

2a
 (1.2)
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It = 
  yt

y0

 * 100 (1.3)

CPIyearA = 
  IyearA − IyearB

IyearB

 * 100 (1.4)

Laspeyres’ index = 
  SQBPn

SQBPB

 × 100 (1.5)

Paasche index = 
  SQnPn

SQBPB

 × 100 (1.6)

PA = PB * 
  CPIA

CPIB

 (1.7)

ytadj
 = yt 

⎛
⎝
  CPIFixed 

CPIt

⎞
⎠ (1.8)

y = axn (1.9)

   dy

dx
 = anxn−1 (1.10)

y = axn (1.11)

� y dx = 
  axn + 1

n + 1
 + c (1.12)
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