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9.1 Construction and properties of rational
numbers

9.1.1 Arrange the following rational numbers in increasing order.

564
731,

5
7,

56
73,

5642
7316.

Discussion From the end of the section, if denominators are as-
sumed to be natural numbers (i.e. positive integers), then the cri-
terion defining the < relation is

a
b < c

d ⇔ ad < bc.

Since there are four fractions in the list, we have to do this compar-
ison for the six pairs of distinct items from the list.

Solution We have the following list of comparisons:

564× 7 = 3948 > 731× 5 = 3655,

564× 73 = 41172 > 731× 56 = 40936,

564× 7316 = 4126224 > 731× 5642 = 4124302,

so that 564/731 is the largest fraction; and

5× 73 = 365 < 7× 56 = 392,

5× 7316 = 36580 < 7× 5642 = 39494,

so that 5/7 is the smallest fraction; and

56× 7316 = 409696 < 73× 5642 = 411866,

so that the correct order is

5
7 < 56

73 < 5642
7316 < 564

731.
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9.1.2 Show that the definition of addition given above is consis-
tent (that is, independent of representatives). In other words, if
a/b = a′/b′ and c/d = c′/d′ then (a/b)⊕ (c/d) = (a′/b′)⊕ (c′/d′).

Discussion The issues involved in showing that a definition is in-
dependent of the choice of representatives from equivalence classes
have been discussed at Ex. 7.4.4 and Ex. 7.5.4.

Solution According to the definition of ⊕, we need to show that

a
b ⊕

c
d = a′

b′ ⊕
c′

d′ , i.e.

ad⊕bc
bd = a′d′⊕b′c′

b′d′ , i.e.

(ad + bc)(b′d′) = (a′d′ + b′c′)(bd).

We know that ab′ = a′b and cd′ = c′d, so that

(ad + bc)(b′d′) = (ab′)(dd′) + (cd′)(bb′)

= (a′b)(dd′) + (c′d)(bb′) = (a′d′ + b′c′)(bd),

which is the equality that we needed.

Remark A similar calculation can be carried out to show that our
definition of ⊗ is also consistent.
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9.2 Density of fractions

9.2.1 Write down 9 rational numbers lying strictly between

17/100 and 4/25.

Discussion The Example in the text suggests how to do this, using
a large enough ‘common denominator’.

Solution Clearly 4/25 = 16/100 = 160/1000 and 17/100 =
170/1000, so the obvious list is

161
1000,

162
1000, . . . , 169

1000.

Alternatively, noting that 4/25 = 16/100 = 0.16 and 17/100 =
0.17, we could use those decimal representations to get the rational
numbers:

0.161, 0.162, 0.163, . . . , 0.169,

which certainly have the required property (and are, in fact, the
same rationals as in the earlier list, but written in a different form).
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9.2.2 For which natural numbers k in the range 1 ≤ k ≤ 100 is it
true that

√
k is a rational number? On the basis of your answer,

make a conjecture about
√

k for all natural numbers.

Discussion A full answer to this question requires adapting the
techniques of the proof of Theorem 9.2.2.

Solution Let K = {k ∈ N100|
√

k ∈ Q}, the required set of num-
bers. It is very easy to see that 1, 4, 9, 16, 25, 36, 49, 64, 81 and 100
are elements of K; the difficult part is to decide whether those are
the only ones. If n is any other natural number in the given range,
it can be factorised as n = v2 × w, where there are no natural
numbers x such that x2 divides w: such numbers w are often called
square free. For instance, 75 = 52 × 3, and 3 is square free.

If q =
√

n is rational then q = v×
√

w, so
√

w = q×v−1 is also
rational; that is there are natural numbers a, b such that w = (a/b)2,
and hence a2 = w × b2. The proof of Theorem 9.2.2 then adapts
(using the existence and uniqueness of prime factorization, from
Section 8.6) to show that

√
w cannot be rational, and that therefore√

n cannot be either.

Hence K = {1, 4, 9, 16, 25, 36, 49, 64, 81, 100}. This suggests that
the pattern continues: we conjecture that the only natural numbers
k such that

√
k is rational are the perfect squares, i.e. that

√
k ∈ Q

if and only if k = j2 for some j ∈ N.

Remark This conjecture is, in fact, true, but to prove it requires
a general argument which covers all possible cases, not just the
‘experimental’ evidence from looking at N100. A detailed argument
is in the next solution.
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9.3 Decimal representations of fractions

9.3.1 Express these repeating decimals as fractions:

0.321̄, 0.567̄8.

Discussion The method we use is that given in the Example at the
end of the section.

Solution Let 0.321̄ = 0.32 + x, where x = 0.001̄. Clearly 100x =
0.1̄ and hence 99x = 100x − x = 0.11, so that x = 0.11/99 =
11/9900. Hence 0.321̄ = 0.32 + 11/9900 = 3179/9900 = 289/900.

Similarly, let 0.567̄8 = 0.56 + y, where y = 0.007̄8. Then
100y = 0.7̄8 and hence 99y = 0.78. It follows that 0.567̄8 =
0.56 + 78/9900 = 5622/9900 = 937/1650.
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9.3.2 Using the same method as in Ex. 1, find the fraction repre-
sented by 0.09̄. Write down another decimal representing the same
fraction. [Note: similar working shows that any decimal that ends
with a repeating 9 represents the same number as does a terminating
one. In fact this is the only situation where two different decimals
represent the same number.]

Discussion Adventurous readers might seek to prove the important
fact just mentioned.

Solution Let 0.09̄ = z. Clearly 10z = 0.9̄ and hence 9z =
10z − z = 0.9, so that z = 0.1 = 1/10.
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9.4 Real numbers

9.4.1 According to the familiar ‘rules of arithmetic’, the sum of the
real numbers x = 1.875 and y = 2.35 is z = 4.225. Write down
the fractions corresponding to x and y, and show that (according to
the rule for adding fractions) their sum is the fraction corresponding
to Z.

Discussion Because a fraction is an equivalence class of ordered
pairs of integers, we can choose to write, for example, 2.35 =
235/100 or 2.35 = 2350/1000 rather than as 2.35 = 47/20 [in
which form the numerator and the denominator have no common
factors]. Choosing as denominator a large enough power of 10 makes
it much easier to apply the rule for adding fractions.

Solution We have x = 47/20 = 2350/1000 and y = 1.875 =
15/8 = 1875/1000.

Hence x + y = (2350 + 1875)/1000 = 4225/1000 = 4.25.
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9.4.2 Using the fact that
√

2 is an irrational number lying strictly
between 1 and 2, write down an irrational number lying strictly be-
tween two given rational numbers a/b and c/d, where a/b < c/d.
Hence explain how you could if necessary write down 2000000 irra-
tional numbers lying strictly between 1/2 and 51/100.

Discussion There are numerous different approaches to this prob-
lem, but here (for the second part) we broadly follow the approach
used in the Example of Section 9.2. It is useful to recall that, if
p, q and t are (real) numbers with p < q and 0 < t < 1 then
r = p + t × (q − p) = (1 − t) × p + t × q is a (real) number
with p < r < q. [This result can be proved, among other ways, by
looking at the corresponding decimal representations of p, q and r.]

Solution Since 1 <
√

2 < 2 we can let α be one of the (irrational)
numbers

√
2 − 1 or

√
2/2; in either case 0 < α < 1. It follows that

(a/b) < β = (1− α)× (a/b) + α× (c/d) < (c/d).

Since (1/2) = 0.5 and 51/100 = 0.51, the ‘gap’ from

1/2 to 51/100

is 1/100 = 0.01. To extend the method to generate 2000000 ir-
rational numbers between 1/2 and 51/100 choose as denominator
10000000 and consider the numbers

0.5 + j × 0.01/10000000

for 1 ≤ j ≤ 2000000; it is very easy to verify that they constitute a
suitable set of numbers.
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9.5 Approximations for real numbers

9.5.1 What is the thirteenth digit in the decimal for
√

2?

Discussion This exercise was suggested in the text, among other
reasons to demonstrate how difficult it is. Exercises 3 and 4 provide
clear guidance as to how to solve it, and the full solution is therefore
placed after Exercise 4.

Answer The thirteenth digit of the decimal expansion of
√

2 is 0.
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9.5.2 Explain why the numbers defined by the recursion

x1 = k, xn+1 =
1

2
( xn +

k

xn

) (n ≥ 2)

approach
√

k. Use this method to find approximations to
√

3 and√
5, to six decimal places.

Discussion The exercise assumes, of course, that x1 = k > 0.
The discussion in the text of the case in which k = 2 also assumes
that each xn is non-zero (to ensure that division is possible); here
we achieve the same objective by proving that each xn is positive.
Exercises 3 and 4 discuss further how quickly such recursive approx-
imations approach their limit

√
k in the case k = 2.

The third and fourth paragraphs of the solution uses the following
fact: if a, b ∈ R are real numbers, then a2 + b2 ≥ 2ab. This is because
the square of any real number is non-negative, so that (a − b)2 =
a2 + b2 − 2ab ≥ 0.

Solution We first wish to show that xn is positive for each n ∈ N.

Since k > 0 this is true for n = 1, so (as induction hypothe-
sis) suppose that it is true for n = j. Clearly k/xj and (hence)
xj + (k/xj) are positive, so finally xj+1 = (1/2)× (xj + (k/xj)) is
positive.

We next wish to show that, for each i ∈ N, xi+1 ≥
√

k. When
i = 1 we see that x2 = (k + 1)/2, so since all numbers involved
are positive we need to show that (k + 1)2 ≥ 4k. Now (k − 1)2 =
k2 − 2k + 1 ≥ 0, so (k + 1)2 = (k − 1)2 + 4k ≥ 4k; it follows that
our claim is true for i = 1.

As induction hypothesis, suppose that j ∈ N and xj+1 ≥
√

k:
then (using the result from the Discussion)
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x2
j+1 + k = 2xj+2 × xj+1 ≥ 2xj+1 ×

√
k ;

since 2xj+1 > 0 we can cancel to see that xj+2 ≥
√

k, and the
claimed result follows by the principle of induction.

Finally, we wish to show that, for each j ∈ N, xj+1 ≥ xj+2. The

definition of xj+2 and the fact that xj+1 ≥
√

k mean that

2× (xj+2/xj+1) = 1 + {k/x2
j+1} ≤ 2,

and hence (cancelling by 2) that xj+2/xj+1 ≤ 1, which implies the
result sought.

Thus the sequence x2, x3, . . . , xj, . . . has the properties (i) that
each successive term is no larger than its predecessor, and (ii) no

term is less than
√

k. A theorem of real analysis (which is related
to Section 9.5, but a full discussion of which is beyond the scope of
this book) then states that there is a real number X > 0 such that
the sequence ‘has the limit X’, i.e. for some large enough J ∈ N all
the values xj with j ≥ J will be as close as we like to X.

This means we can substitute X for both xn+1 and xn in the
defining equation for the sequence, and hence that 2X2 = X2 + k,
so that X = +

√
k.

If a terminating decimal number v is accurate as an approxi-
mation to another decimal number w to six decimal places then
|w− v| = |v−w| must be no larger than 5× 10−7; indeed, because
of ‘rounding’ issues, it might be necessary to consider even eight or
more decimal places to be absolutely sure that our approximation
was as accurate as we wanted. Thus our first expectation is to use
the condition that:

|v2 − w2| = |v − w| × |w + v| < 5× 10−7 × |w + v|.
Considering the sequence {xn |n ∈ N} we know that:

x2 = (k + 1)/2 ≥ xn ≥
√

k for n ≥ 2,

so for the cases k = 3 we have:

2 < (|xn|+ |
√

3|) = xn +
√

3 whenever 2 ≤ n.

This means that, for the k = 3 cases, we should begin by finding n

19



such that:

|x2
n − 3| < 5× 10−7 × 2,

which simplifies the initial workings considerably.

Straightforward calculations show that: x2 = 2, x3 = 7/4 =
1.75, x4 = 97/56 and x5 = 18817/10864. It is routine to check
(either by ‘long division’ or by using a calculator) that:

(18817/10864)2 − 3 = 0.000000008 (to 1 significant figure),

so the decimal expansion of 18817/10864 is likely to give an ap-
proximation of sufficient accuracy. That can be checked by hand or
electronically: using a calculator which gives answers to 10 signifi-
cant figures, we see that:

√
3 = 1.732050808 (to 9 dec. places),

while

x5 = (18817/10864) = 1.732051 (to 6 dec. places),

which is therefore the answer we sought.

Using the calculator-free techniques mentioned, one can easily
check that the decimal expansion of x4 does not give a sufficiently
accurate approximation to

√
3. Similar methods show that, when

k = 5, x5 = (2207/987), which does not quite give an accurate
enough approximation, while

x6 = (4870847/2178309),

which does. The figures are:
√

5 = 2.236067977 (to 9 dec. places),

while

x6 = (4870847/2178309) = 2.236068 (to 6 dec. places),

which is therefore the answer sought when k = 5.

Remarks (a) As just seen, great care has to be taken with ‘rounding’
in calculations such as these. (b) If k is a rational number then our
proof that each xn is positive readily adapts to show that it is also
rational. (c) The more general techniques discussed at Exercises 3
and 4 can be adapted to simplify the discussion when k is rational.
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9.5.5 The definition of π tells us that π = c/2, where c is the cir-
cumference of a circle of radius 1. Replacing c by the circumference
cn of an n-sided regular polygon inscribed in the circle we obtain an
approximation to π. What is the approximation when n = 6? [This
is by no means the best way of finding approximations to π.]

Solution A regular hexagon inscribed in a circle of radius r can be
subdivided into six equilateral triangles of side-length r, all meeting
at the centre of the circle. When r = 1 it follows that c6 = 6 and
hence that the approximation is 3.
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9.6 The greatest lower bound property

9.6.1 Which of the following sequences of rationals is strictly de-
creasing?

(a) sn = (1/2)n.

(b) sn = (n− 1)/n.

(c) sn = (3n + 2)/(5n + 1).

Discussion The solution illustrates several different techniques for
answering questions of this type, as well as the relationships amongst
the order relations <, >, ≤, and ≥ on R.

Solution (a) Clearly, for each n ∈ N, sn+1 = (1/2) × sn. Since
all the numbers involved are positive, this means that the sequence
is strictly decreasing.

(b) Clearly, for each n ∈ N, sn = 1−(1/n). We know n < n+1,
so that 1/(n+1) < 1/n, and hence−(1/n) < −(1/(n+1)). It follows
that

sn = 1− (1/n) < 1− (1/(n + 1)) = sn+1,

so that the sequence is strictly increasing, and hence is not strictly
decreasing.

(c) For each n ∈ N,

sn = (3/5)× ((5n + 1 + (7/3))/(5n + 1))

= (3/5) + (7/5)× (1/(5n + 1)) .

Hence

sn − sn+1 = (7/5)× ((1/(5n + 1)− (1/(5n + 6)) > 0,

using the fact that 5n + 1 < 5n + 6; hence the sequence is strictly
decreasing.

24



Solutions to Chapter 9 Exercises

in Discrete Mathematics by Norman L. Biggs;

2nd Edition 2002

9.6.2 Is the sequence

sn = 1 − 1/2 − 1/3 − . . . − 1/n

strictly decreasing? Does it have a lower bound?

Discussion The related sequence

tn = 1 + 1/2 + 1/3 + . . . + 1/n

is an important example in Calculus. Since sn = 2− tn we can an-
swer the question by determining whether the sequence tn is strictly
increasing, and whether it has an upper bound.

Solution Since tn+1−tn = 1/(n+1) > 0 the sequence tn is strictly
increasing, so the sequence sn is strictly decreasing.

To show that the sequence tn has no upper bound (and hence sn

has no lower bound), it is enough to concentrate attention on the
values of tn for the special values n = 2r+1 for r ∈ N. The argument
which follows could be presented either as a formal induction on
r ∈ N, or pretty informally (as here).

If r ∈ N then we can write:

t2r+1 = 1 + 1/2

+ {(1/3)+ (1/4)} + {(1/5)+ (1/6)+ (1/7)+ (1/8)}+ . . .

+ ((1/(2r + 1) + (1/(2r + 2) + . . . + (1/2r+1))}.
It is clear that:

(1/3) + (1/4) > 2× (1/4) = 1/2;

(1/5) + (1/6) + (1/7) + (1/8) > 4× (1/8) = 1/2;

and so on until we get to the final group of terms:

(1/(2r + 1) + . . . + 1/(2r+1)) > 2r × (1/2r+1) = 1/2;

and it is easy to see that (besides the initial 1 and 1/2) there are
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r groupings of terms (enclosed in pairs ‘{ }’ of brackets) with the
total of each grouping being greater than 1/2.

It follows that t2r+1 is greater than 1+(r+1)/2, and hence, since
N has no greatest element, that the sequence tn has no upper bound,
and therefore sn has no lower bound.
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9.6.3 Find the greatest lower bound for the sequences

(a) sn = (1/2)n.

(b) sn = (n + 1)/n.

Discussion We shall use the following criterion for recognising a
greatest lower bound:

the number b0 is a greatest lower bound for a set X ⊆ R if

(i) b0 is a lower bound for X, and

(ii) no larger number b is a lower bound for X.

It is worth satisfying oneself that this is equivalent to the definition
in the text.

Solution (a) It is clear that 0 < (1/2)n for all n ∈ N, so that
0 is a lower bound for the set X = {(1/2)n |n ∈ N}. From the
test mentioned in the Discussion, we therefore need to show that, if
b ∈ R and 0 < b then b is not a lower bound for X. To do so, we
note that since b > 0 the number 1/b exists, and in fact (1/b) > 0.
By looking at the decimal representation of 1/b we see that we can
choose m ∈ N with (1/b) < 2m, and hence

0 < (1/2m) = (1/2)m < 1/(1/b) = b,

from which it follows that b cannot be a lower bound for X. Hence
0 is the greatest lower bound for the sequence sn.

(b) For each n ∈ N we have sn = 1 + (1/n) > 1, so that 1
is a lower bound for Y = {sn |n ∈ N}. If 1 < c for c ∈ R then,
again looking at decimal representations, we can pick k ∈ N such
that 0 < 1/(c − 1) < k, and therefore 0 < (1/k) < c − 1, so that
1 < 1 + (1/k) < c, and it follows that c is not a lower bound for Y ,
and hence that the greatest lower bound for sn is 1.
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9.7 The real numbers are more plentiful than
the rationals

9.7.1 If the rationals are listed as in the proof of Theorem 9.7.1, so
that r1 = 0, r2 = 1 and so on, what is r23?

Solution The first 19 rationals (in this particular listing) are shown
in order near the bottom of p. 86, and the next four terms are
1/5, −1/5, 2/5, −2/5, so that r23 = −2/5.
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9.7.2 The first part of the proof [of Theorem 9.7.1] showed that the
set of ordered pairs (p, q) of natural numbers is countable. Using
a similar method, show that the set of ordered triples (p, q, r) of
natural numbers is countable.

Discussion One approach would be to construct a three dimensional
array in which the entries were ordered along similar lines to those
used for the two dimensional array shown in the proof, and then to
‘spiral’ away from the origin, in some fashion similar to that used
there, in such a way as to pass successively through all the points
in the array. This approach is, however, difficult to illustrate, so we
offer an alternative argument.

Solution Suppose that x1, x2, . . . xm . . . is a listing of the ordered
pairs (p, q) of natural numbers; we can construct a bijection θ from
the set of ordered pairs (xj, r) to the set of ordered triples of natural
numbers: if xj = (p∗, q∗) define θ(xj, r) = (p∗, q∗, r). Then we can
make an array:

(x1, 1) → (x2, 1) (x3, 1) → (x4, 1) . . .
↙ ↗ ↙ ↗

(x1, 2) (x2, 2) (x3, 2) (x4, 2) . . .
↓ ↗ ↙ ↗ ↙

(x1, 3) (x2, 3) (x3, 3) (x4, 3) . . .
↙ ↗ ↙ ↗

(x1, 4) (x2, 4) (x3, 4) (x4, 4) . . .
↓ ↗ ↙ ↗ ↙

(x1, 5) (x2, 5) (x3, 5) (x4, 5) . . .
... ↙ ... ↗ ... ↙ ... ↗
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(working from top left downwards and rightwards, as an alternative
to the bottom left upwards and rightwards approach in the text).

This method gives a listing of the set of elements (xj, r), say
y1, y2, . . . , yn, . . ., and then θ(y1), θ(y2), . . . , θ(yn), . . . is a listing
of the ordered triples of elements of N, the set of which is therefore
countable.
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