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Discussion of Exercises in Chapter 7

7.1 Negative numbers

7.1.1 In each of the following cases write down three typical ‘bal-
ance sheets’ that could be used to define the stated balance.

(a) − 5, (b) 7, (c) 0.

Discussion ‘Typical’ might mean using pairs of fairly small natural
numbers, given that the values sought are also fairly small. There
is, however, no essential reason to do so.

Solution For (a), (1, 6), (2, 7), (3, 8) and (987654, 987659) are each
suitable pairs.

For (b), (8, 1), (9, 2), (10, 3) and (123456, 123449) are suitable.

For (c), (1, 1), (2, 2), (3, 3) and (987123, 987123) are suitable.
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7.2 Equivalence relations

7.2.1 Let R be the relation on N defined by the rule that
xRy means xy = 18. Determine R, as a set of ordered pairs.

Discussion The method for tackling this exercise is just like that for
the relation xy = 24 discussed in the text. In order to be sure that
all relevant pairs have been identified, it is often helpful to organise
them in some systematic fashion, e.g. so that the first ‘coordinate’
in each ordered pair (after the initial pair) is never less than the first
coordinate in the previous pair.

Solution The following is a list of all the appropriate ordered pairs:

(1, 18), (2, 9), (3, 6), (6, 3), (9, 2), (18, 1),

so R = {(1, 18), (2, 9), (3, 6), (6, 3), (9, 2), (18, 1)}.
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7.2.2 Fill in the entries in the following table, where the relations
are defined by the stated rules on the set N.

aRb Reflexive? Symmetric? Transitive? Equivalence
Relation?

a < b

a + b
odd

ab = 1

Discussion Even if the question is not presented in that form, a
table is often the best way to answer questions about the properties
of several relations on a set.

Solution The completed table (with ‘Y’ and ‘N’ representing ‘Yes’
and ‘No’) is:

aRb Reflexive? Symmetric? Transitive? Equivalence
Relation?

a < b N N Y N

a + b N Y N N
odd

ab = 1 N Y Y N

Further Discussion It is probably helpful to justify the ‘N’ entries.
Of course any ‘N’ in one of the first three columns implies an ‘N’ in
the final column.

For a < b it is clearly not true that a < a or that a < b means b <
a.
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For a + b odd, a + a = 2a is never odd. If a = 1, b = 2, c = 3
then a+ b and b+ c are odd, but a+ c = 1+3 = 4 is not odd, so the
relation is not transitive. (Indeed, if a + b and b + c are odd then
either b is even, so a and c have to be odd, forcing a + c to be even,
while if b is odd then a and c have to be even, once again forcing
a + c to be even.)

For ab = 1, the only solution for which a, b ∈ N is a = b = 1,
so R = {(1, 1)}, a set with exactly one element. Since that element
is (1, 1), the relation is certainly symmetric, but it is not reflexive
since 2 × 2 = 4 6= 1 and (2, 2) is not in the set R. On the other
hand, it is also transitive, because it can happen that ab = 1 and
bc = 1 if and only if a = b = c = 1, in which case ac = 1.

Remark If A is a non-empty set, an ordered pair (a, a) with a ∈ A
is sometimes called a diagonal element of the set of all possible
ordered pairs. If R is an equivalence relation on A (indeed, if R is
any reflexive relation on A) then the set R of ordered pairs which
constitutes the relation must contain all the diagonal ordered pairs.
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7.2.3 Let X = {n ∈ N | 1 ≤ n ≤ 31} and let R be the relation on
X defined by saying that iRj means

the ith and jth days of January 2637 will fall on
the same day of the week.

Show that R is an equivalence relation.

Discussion This is one of those questions where you have to spot
what to ignore, as well as what is relevant. The year 2637 is com-
pletely irrelevant, and January could be replaced by any other month
that had the right number (31) of days.

It is often the case that equivalence relations involve things that
are ‘the same’; apart from this exercise, other examples include
‘same remainders’ (in modular arithmetic: Chapter 13) and ‘same
cosets’ (in group theory: Section 20.8).

Solution If i, j ∈ X then evidently i and j represent the same
day of the week, in any 31-day month, if and only if j− i is divisible
by 7. (That is, provided that we allow the quotients to be 0 or
negative whole numbers.) Once the set Z of all integers has been
introduced, it is easy to use that parenthetical observation to give
an entirely arithmetical solution to this exercise. Without using the
arithmetical properties of Z, we have:

• i certainly represents the same day of the week as itself; hence
the relation is reflexive.

• If i and j represent the same day of the week then j and i
represent the same day of the week; hence the relation is symmetric.

• If i and j represent the same day of the week, and if j and k
represent the same day of the week, then i and k represent the same
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day of the week; hence the relation is transitive.

Remark The equivalence classes of this relation are:

{1, 8, 15, 22, 29}, {2, 9, 16, 23, 30},
{3, 10, 17, 24, 31}, {4, 11, 18, 25},
{5, 12, 19, 26}, {6, 13, 20, 27},

{7, 14, 21, 28}.
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7.3 Classification

7.3.1 Let X denote the set of natural numbers less than 200 that
are perfect squares, and suppose that two members of X are R-
related if they end in the same digit. Write down the partition of
X into equivalence classes with respect to R.

Discussion A perfect square is, of course, a positive integer (natural
number) k such that k = m2 for some m ∈ N. If it is not obvious
what the elements of such a set X are, the first step is to identify
them; in this case, by making a list. The method is then similar to
that used in the Example in Section 7.3.

Solution We have

X = {1, 4, 9, 16, 25, 36, 49, 64, 81, 100, 121, 144, 169, 196},
so the set of equivalence classes is

{{1, 81, 121}, {4, 64, 144}, {25}, {16, 36, 196}, {9, 49, 169}, {100}}.

Remark The role of the property ‘same as’ in this exercise is as
vital as it was in Ex. 7.2.3.
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7.3.2 In Section 7.2 we verified that the relation S, defined on N
by saying that aSb means a+ b is an even number, is an equivalence
relation. Describe the equivalence classes and the corresponding
partition of N.

Discussion In this case it is clear what elements we are dealing with,
but less clear how to start determining the equivalence classes. In
such circumstances, the best policy is to pick one element (here,
it will be a natural number), work out its equivalence class, then
see what elements are left, and then repeat the procedure as many
times as necessary on the sets of elements that remain at each stage.
When dealing with whole numbers, it usually helps if they are as
small as is practicable. The term partition is defined on p. 59.

Solution Step 1 Let [1] denote the equivalence class of 1. If n ∈ N
and n is odd then 1 + n is even, so every odd element of N is in [1].
On the other hand, if m ∈ N and m is even then 1 + m is odd, so
no even elements of N are in [1]. Hence [1] = {2k − 1| k ∈ N}, the
set of all odd natural numbers, and it remains to sort out the even
numbers.

Step 1 Let [2] denote the equivalence class of 2. If n ∈ N and n
is even then 2 + n is even, so every even element of N is in [2]. On
the other hand, if m ∈ N and m is odd then 2+m is odd, so no odd
elements of N are in [2]. Hence [2] = {2j | j ∈ N}, the set of all even
natural numbers, and there is nothing left to still sort out.

Hence N is partitioned with respect to S into precisely two equiv-
alence classes, [1] (all the odd natural numbers) and [2] (all the even
natural numbers).

Remark If the two equivalence classes are denoted by [2] and [1]
then it turns out that they are closely related respectively to the
elements [0]2 and [1]2 of Z2, as discussed in Chapter 13: they are
the subsets of positive elements of those two equivalence classes.
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7.3.3 Prove formally that if x and y are members of X such that x
is in the equivalence class [y] with respect to some given equivalence
relation, then [x] = [y].

Discussion Whenever we are asked to prove that two sets A and
B are equal, it is necessary to show that A is a subset of B (i.e.,
A ⊆ B) and that B is a subset of A (i.e., B ⊆ A).

Solution We need to label the equivalence relation: call it R.
Suppose that z ∈ [x], so that zRx and xRz (symmetry). Now
x ∈ [y], so that yRx and xRy (symmetry), and since zRx and xRy
it follows that zRy (transitivity). Hence z ∈ [y], and therefore [x] ⊆
[y].

In the opposite direction, suppose that w ∈ [y], so that wRy and
yRw (symmetry). Now x ∈ [y], so that yRx and xRy (symmetry),
and since wRy and yRx it follows that wRx (transitivity) and xRw
(symmetry). Hence [w] ∈ [x], and therefore [y] ⊆ [x].

Combining these two results, [x] = [y].

Remark The proof just given did not use the fact that R is reflexive;
the effect of that condition in the definition of an equivalence relation
on a set X is to ensure that every element of the given set does belong
to some equivalence class, and hence that the set of equivalence
classes is a partition of X (Theorem 7.3).
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7.3.4 Let Y denote the set of natural numbers y such that
1 ≤ y ≤ 10, and let E be the relation on Y defined by the rule that
y1Ey2 means y1y2 is a perfect square. Show that E is an equivalence
relation and write down the equivalence classes.

Solution If y ∈ Y then y2 is a perfect square, so that yEy, i.e.
(y, y) ∈ E; E is reflexive. If y1, y2, y3 ∈ Y and both y1Ey2 and
y2Ey3 then y1y2 = m2 and y2y3 = n2 for some m, n ∈ N, and hence
y1 × y2 × y2 × y3 = m2 × n2 = (mn)2, a perfect square which is
a multiple of y2

2. It can be shown (see Chapter 8) that this means
mn/y2 ∈ N, and it then follows that y1y3 = (mn/y2)

2, a perfect
square, so that y1Ey3; E is transitive. And finally, it is clear that
y1y2 is a perfect square if and only if y2y1 is a perfect square, so that
y1Ey2 means that y2Ey1; E is symmetric.

Hence E is an equivalence relation. If y ∈ Y and 1Ey then
1 × y = y is a perfect square, so the class [1] of 1 is {1, 4, 9}. If
y ∈ Y and 2Ey then 2y is a perfect square, and by inspection we
see that this happens when y = 2 or y = 8, so the class [2] of 2
is {2, 8}. If y ∈ Y and 3Ey then 3y is a perfect square, and by
inspection we see that this happens when y = 3, so the class [3] of
3 is {3}. It is not difficult to check that (with the same notation)
[5] = {5}, [6] = {6}, [7] = {7} and [10] = {10}.

In summary, the equivalence classes are:

{1, 4, 9}, {2, 8}, {3}, {5}, {6}, {7}, {10}.
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7.4 Construction of the integers

7.4.1 Let x, y, z be the integers represented by the classes
[a, b], [c, d], [e, f ]. Using only the definitions given above, and the
axioms for natural numbers, prove that

x× (y + z) = (x× y) + (x× z).

Discussion In words, this equality means: if we have three integers,
then if we add two of them and multiply the result (on the left) by
the third , we get the same answer as if we multiply each of the
two (on the left) separately by the third and add the results. Many
axioms for, and properties of, all the number systems discussed in
this book can be interpreted as saying that the results of some set
of operations on three of the numbers are the same even if we do
the operations in different orders.

Solution Starting with the left hand side (LHS), and taking for
granted the ‘closure’ Axioms 1 and 2, we get:

x× (y + z) = [a, b]× ([c, d] + [e, f ])
(definition of integers)

= [a, b]× [c + e, d + f ]
(definition of ‘+’ for integers)

= [a× (c + e) + b× (d + f), a× (d + f) + b× (c + e)]
(definition of ‘×’ for integers)

= [(ac + ae) + (bd + bf), (ad + af) + (bc + be)]
(Axiom 9 for N)

= [ac + ae + bd + bf, ad + af + bc + be]
(Axiom 4 for N)
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Starting with the RHS, we get:

(x× y) + (x× z) = ([a, b]× [c, d]) + ([a, b]× [e, f ])
(definition of integers)

= [ac + bd, ad + bc] + [ae + bf, af + be]
(definition of ‘×’ for integers)

= [(ac + bd) + (ae + bf), (ad + bc) + (af + be)]
(definition of ‘+’ for integers)

= [ac + bd + ae + bf, ad + bc + af + be]
(Axiom 9 for N)

= [ac + ae + bd + bf, ad + af + bc + bc]
(Axiom 3 for N).

So we have LHS = RHS, as required.
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7.4.2 Another possible name for the integer [a, b] is a− b. Explain
why this notation makes sense in terms of the definitions of addition
and multiplication.

Discussion This is an open ended question, of the type where it
is worth trying to identify as many potentially relevant issues as
possible. The following is not an exhaustive analysis.

Solution For addition, note that (in the temporary notation of the
section), +a = [a + 1, 1] and + b = [b + 1, 1]. We would expect that

(a− b) + (+b) = +a , i.e. [a, b] + [b + 1, 1] = [a + 1, 1]

Using the definition of +, we find that:

[a, b] + [b + 1, 1] = [a + b + 1, b + 1] =
[a + b + 1− b, b + 1− b] = [a + 1, 1] = +a

(where the ‘−’ in these lines are the ‘−’ in N that has previously

been defined).
For multiplication, suppose that c, d ∈ N and that [c, d] is written

as c− d: we would expect to find that:

(a− b)× (c− d) = ac− bc− ad + bd =
ac + bd− (ad + bc) = [ac + bd, ad + bc]

(where the second and third expressions jump the gun by being
written in Z rather than in N).

Now from the definition of × in Z, we have

[a, b]× [c, d] = [ac + bd, ad + bc],

and the right hand expression is exactly what was needed to verify
our expectations.
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7.4.3 Verify in detail that the relation R used in the definition of Z
is an equivalence relation.

Discussion This is a very important type of task, because equiva-
lence relations are used time and again in defining new mathematical
objects which we wish to study, and it is essential to be sure that
the new objects, and the newly defined operations to which they
are subject, do have the properties which we want (and expect).
(Similar remarks apply to Ex. 7.4.4.)

Solution We need to verify that R is reflexive, symmetric and
transitive, where the definition of R is that:

for a, b, c, d ∈ N, (a, b) R (c, d) means that a + d = b + c.

Certainly a+ b = a+ b, so (a, b) R (a, b); the relation R is reflexive.
If e, f ∈ N as well, suppose that (a, b) R (c, d) and (c, d) R (e, f).
That means that:

a + d = b + c and c + f = d + e.

and hence

a + d + c + f = a + f + (c + d) = b + c + d + e = b + e + (c + d),

using Axioms 1, 3 and 4 for N (plus induction on the number of
terms being added). Using Exercise 4.2.3 (‘cancellation’ for the op-
eration ‘+’) it then follows that a+f = b+e, so that (a, b) R (e, f);
the relation R is transitive.

Since (a, b) R (c, d) means a+c = b+d it also means c+a = d+b
(via Axiom 3 for N), and hence that (c, d) R (a, b); the relation R is
symmetric.

Hence R is an equivalence relation on Z.
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7.4.4 Show that the definitions of addition and multiplication for
Z are independent of representatives.

Discussion What is required for this question was explained in the
text. This type of exercise is one which occurs repeatedly whenever
equivalence relations are used (as they frequently are) to define new
objects of mathematical study, and it well worth the effort of learn-
ing how to check that definitions are independent of representatives,
despite the volume of (often slightly tedious) calculation involved.

In the case of multiplication, we employ a trick - namely, using a
two stage argument - which often helps to simplify such calculations.

Solution We can assume that a, b, c, d, w, x, z ∈ N, that
(a, b) R (w, x) and that (c, d) R (y, z). To deal with the case of
addition, we need to use the definitions to show that:

[a, b] + [c, d] = [w, x] + [y, z].

From the definition of addition, this is the same as showing that:

[a + c, b + d] = [w + y, x + z],

and from the definition of the relation R this condition is itself
equivalent to:

a + c + x + z = b + d + w + y.

Since
(a, b) R (w, x) and (c, d) R (y, z), we know that

a + x = b + w and c + z = d + y, so, adding,

a+x+ c+ z = b+w + d+ y, so by Axioms 3 and 4

a + c + x + z = b + d + w + y,
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which is what we needed to prove.

To deal with the case of multiplication, we need to use the defi-
nitions to show that:

[a, b]× [c, d] = [w, x]× [y, z].

It is convenient to do so in two stages, by showing that:

[a, b]× [c, d] = [a, b]× [y, z],

and then that:

[a, b]× [y, z] = [w, x]× [y, z].

From the definition of multiplication, the first of these is the same
as showing that

[ac + bd, ad + bc] = [ay + bz, az + by]

and from the definition of the relation R this condition is itself
equivalent to:

(ac + bd) + (az + by) = (ad + bc) + (ay + bz). (A)

Again, since

(a, b) R( w, x) and (c, d) R (y, z),

we know that:

a + x = b + w and c + z = d + y.

So

(ac + bd) + (az + by) = (ac + az) + (bd + by) =
a(c + z) + b(d + y) = a(d + y) + b(c + z),

which rearranges to give us equation (A).

A similar calculation, but using a + x = b + w, then shows that
[a, b]× [y, z] = [w, x]× [y, z].
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7.4.5 Let x = [a, b] and y = [c, d] be integers. Formulate a def-
inition of x < y, using only the properties of natural numbers.
[Hint: see Ex. 2.]

Discussion When trying to formulate a definition, when in some
sense we know what we want it to say, it often helps to start from
those requirements. The Hint itself suggests that we start by think-
ing of x and y as a− b and c− d respectively.

Solution If we could think of x and y as a−b and c−d respectively,
then what we would want would be to define x < y as meaning
a − b < c − d. The methods in the text can be used to show that
this is equivalent to a + d < b + c, and since the latter relation uses
only operations in and relations on N, it can be used as a definition.
Thus the candidate definition, to be tested, is

x = [a, b] < y = [c, d] if and only if a + d < b + c (in N),

and the discussion at the end of Section 7.5. show that this is the
correct definition.
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7.5 Properties of the integers

7.5.1 Show that x + 0 = x for all x ∈ Z.

Discussion This solution can be compared with that for the Exam-
ple in Section 7.5.

Solution Suppose that x = [a, b] for a, b ∈ N; of course 0 = [1, 1].
From the definition of + in Z:

x + 0 = [a, b] + [1, 1] = [a + 1, b + 1],

and

[a, b] = [a + 1, b + 1]

since

a + (b + 1) = (a + 1) + b,

so

x + 0 = 0.
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7.5.2 Show that −(−x) = x for all x ∈ Z.

Discussion The symbol − is used in two slightly different senses
in discussions of Z, though fortunately they are related and entirely
compatible. According to Theorem 7.5.3, if x ∈ Z then −x is an ele-
ment such that x+ (−x) = 0; this is then used to define subtraction
as an operation, using the same symbol:

if x, y ∈ Z then x− y = x + (−y).

This is a satisfactory definition because, for any z ∈ Z, the element
−z is unique (a fact which will be revisited in Chapters 20 and 21,
dealing with Group Theory, and Chapter 22, on Rings, Fields and
Polynomials).

We offer two solutions, to illustrate two different approaches to
this type of problem.

Solution 1 In the proof of Theorem 7.5.3, if x = [a, b] with a, b ∈
N then − x = [b, a], so − (−x) = [a, b] = x.

Solution 2 Temporarily, let y = −(−x); from the definition of −,
this means (−x)+y = 0. But from the same definition, x+(−x) = 0,
so (−x) + x = 0 (since Axiom 3 for N applies to Z as well).

That means that x does the same job as y = −(−x), and (as
noted), for any z ∈ Z the element −z is unique, so y = −(−x) = x.
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7.5.3 Show that x− (y − z) = (x− y) + z for all integers x, y, z.

Discussion We follow the model of Solution 1 to the previous exer-
cise, although the result can also be proved using an approach based
on Solution 2.

Solution Let a, b, c, d, e, f ∈ N and x = [a, b], y = [c, d], z = [e, f ].
As just seen, −z = [f, e], so y − z = y + (−z) = [c + f, d + e],
and hence −(y − z) = [d + e, c + f ]. It follows that x − (y − z) =
[a + (d + e), b + c + f ].

Also, −y = [d, c], so x − y = x + (−y) = [a + d, b + c], and
hence (x − y) + z = [(a + d) + e, (b + c) + f ]. By Axiom 4 for N,
[a + (d + e), b + c + f ] = [(a + d) + e, (b + c) + f ], i.e. x− (y− z) =
(x− y) + z.
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7.5.4 Verify that the definition of x < y is independent of repre-
sentatives.

Discussion The issues involved in this type of question were dis-
cussed at Ex. 7.4.4.

Solution Suppose that a, b, c, d, p, q, r, s ∈ N and that x = [a, b] =
[p, q] and y = [c, d] = [r, s]. From Exercise 7.4 5 and Section 7.5, we
need to check that

a + d < c + b implies that p + s < q + r,

which (as in Exercise 7.4.4) is conveniently done in two steps.

We know that a + q = b + p. Suppose that a + d < c + b (i.e.
x < y); then

(a + d) + q = (a + q) + d < (c + b) + q = b + (c + q)

(Exercise 4.2.2), so - substituting -

(b + p) + d = b + (p + d) < b + (c + q)

and hence (Exercise 4.2.3 plus Axiom 10)

p + d < c + q, so that [p, q] < [c, d].

A similar argument shows that then [p, q] < [r, s], so that the
choices of representative, for one or both of x and y, do not affect
whether or not the two numbers satisfy the definition of < on Z.
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7.6 Bounded subsets of Z

7.6.1 Find upper bounds (if they exist) for the sets A, B, C defined
in the Example, and if the set does have an upper bound then de-
termine its greatest member.

Discussion Upper bounds and greatest members are discussed at
the very end of Section 7.6; the analogue of Theorem 7.6 holds, and
asserts that, for any non-empty subset S ⊆ Z, if S has an upper
bound then it has a greatest member.

Solution From the solution in Section 7.6,

A = {0,±6,±5,±4,±3,±2,±1},

so 6 is both an upper bound for A and its greatest member. We note
that 6 is not the only upper bound: in fact any n ∈ N with n > 6
is an alternative upper bound.

Since B = {x ∈ Z |x is a multiple of 3}, B has a positive mem-
ber, for example 3, so any upper bound b for B in Z would also be
a natural number. But then 3b = b + (b + b), so b < 3b from the
definition in Section 4.2; since 3b ∈ B, the assumption that b is an
upper bound must be wrong. Hence B has no upper bound, and
consequently no greatest member (analogue of Theorem 7.6).

Since C = {x ∈ Z |x2 ≤ 100x} it was shown in the text that
C = {x ∈ Z | 0 ≤ x ≤ 100}, so any c ∈ N, c ≥ 100 is an upper
bound for C, and its greatest member is 100.
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7.6.2 Let Q be the set of integers q that are perfect squares and
satisfy 108 ≤ 109. It is easy to give lower and upper bounds for Q
(write them down). Find the least and greatest members of Q.

Discussion Using a calculator, it is easy to find a ‘number’, w,
which (to the accuracy of the calculator) satisfies w2 = 109, and
looks superficially like a candidate for the role of an upper bound of
Q.

But the proof of Theorem 9.2.2 below is easily adapted to show
that w cannot be an integer, or even a member of the set Q of ratio-
nal numbers (‘fractions’) discussed in Chapter 9. So it is necessary
to use the approximate ‘square root’ w as the starting point of a
little more work before we find the greatest member of Q. This
difficulty often happens when a problem requires an integer as its
answer, but the techniques used initially yield some different type
of number.

Solution From the definition of Q, a lower bound for Q is 108

and an upper bound is 109. Since 108 = (104)2, the lower bound
108 is also a perfect square, and hence it is the least member of Q.
At the other ‘end’, if w = 104 ×

√
10 then w2 = 109, but a cal-

culator shows that
√

10 = 3.16227766 (8 dec. pl.), and hence that
104 ×

√
10 = 31, 622.7766 (4 dec. pl.).

But, as noted above, although 31, 622.7766 is a rational num-
ber, it is only an approximation to w = 104 ×

√
10. And w is

not even rational, still less an integer, even though the standard
scientific calculator being used shows 31, 622.77662 = 109. But
we can look at 31, 6222 = 999, 950, 884 and at (31, 622 + 1)2 =
31, 6232 = 1, 000, 014, 129, so that 999, 950, 884 is the greatest mem-
ber of (and an upper bound for) Q, while the next perfect square is
1, 000, 014, 129 and is not a member of Q.
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7.6.3 Show that if a set X of integers has a least member, then the
least member is unique.

Discussion It is always useful to know that a definition specifies a
unique number (or other object we are interested in), because (as
in the following proof) we can compare differently presented values
and deduce that they are, in fact, the same.

Solution Suppose that y and z are each a least member of X. Since
y ∈ X and z is a least member, z ≤ y. Since z ∈ X and y is a least
member, y ≤ z. It is easy to see, along the lines of the discussion at
the end of Section 7.5, that Axiom 10 for N also applies to Z, and
hence that the two inequalities z ≤ y and y ≤ z imply y = z.

24



Solutions to Chapter 7 Exercises

in Discrete Mathematics by Norman L. Biggs;

2nd Edition 2002

7.6.4 Recall that a set is countable (Section 6.6) if it is in bijective
correspondence with N. Show that Z is countable.

Discussion As in previous countability (and other counting) ques-
tions, there are numerous - indeed, here, infinitely many - suitable
possible bijections. One can be found in the Solutions at the back
of the book; we develop a slightly different one here. It is common,
in writing mathematics, to use the informal style discussed below,
but when learning the material it is good practice (in both senses)
to give an explicit rule or formula for the function, and to check -
however briefly - that it is indeed a bijection.

Solution We have met the ‘list’ approach to countability in Section
6.6: see Exercises 6.6.1, 6.6.3 and 6.6.4. So, informally, it would be
enough to give a list of all members of Z, and here are two possibil-
ities:

Z = {0, +1,−1, +2,−2, +3,−3, . . .}
Z = {0,−1, +1,−2, +2,−3, +3, . . .}

The second of these is described explicitly in the Solutions in the
book; for the first, we have the function z : N → Z defined by the
formulae: z1 = 0 and z2n = n, z2n+1 = −n for all n ∈ N. By
construction, zm is defined for all m ∈ N and is an injection, and by
inspection it is also a surjection.
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