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1.3 Compound statements

1.3.1 Express the fact that

• 81270 is a multiple of 3 or 7

is true in the Theorem-Proof style.

Discussion The point of this exercise is to practice using the words
and presenting the arguments in a clear way. There is no ‘absolutely
correct’ way of writing out a Theorem and its Proof, but the general
outline is fairly standard.

Theorem 81 270 is a multiple of 3 or 7.

Proof Since 81270 = 27090 × 3, it follows that 81270 is a multiple of
3. The statement is a compound statement, which is true if at least
one of the statements ‘81270 is a multiple of 3’, ‘81270 is a multiple of
7’ is true. So we have proved the theorem.
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1.3.2 Express the fact that

• if 200 000 000 is a multiple of 375 then
400 000 000 is a multiple of 375

is true in the Theorem-Proof style.

Discussion Here you can imitate the proof of the similar statement
given as an Example in Section 1.3.
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1.3.3 Is the statement

• 200 000 000 is a multiple of 375 true or false?

Is this relevant to your answer to the previous exercise?

Discussion To check whether it is true or false, divide 375 into
200 000 000, either by hand, or using a calculator.

Solution The ‘by hand’ method will give you a non-zero remainder:

200 000 000 = 533 333× 375 + 125.

The calculator should give a similar answer (see Exercise 1.2.1). So the
statement is false.

With regard to the previous exercise, the point is that we did not claim
that

200 000 000 is a multiple of 375;

we only claimed that if it is, then 400 000 000 is a multiple of 375 too.
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1.4 Existential statements

1.4.1 Express the statement

123 456 789 is a multiple of 3

as an existential statement. Is it true?

Discussion This is an example of the remark in the last paragraph
of this section. The statement can be written as: there is a natural
number m such that 123 456 789 = m× 3. To prove it is true, you can
find m, by dividing. Thus 123 456 789 = 41 152 263× 3.
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1.4.2 What is the connection between the facts

32 + 42 = 52, 52 + 122 = 132, 72 + 242 = 252,

and the statement

• there are numbers a, b, c such that a2 + b2 = c2.

Discussion Each fact provides an example for the statement, so it is
true. Of course, only one example is needed to show that it is true.
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1.4.3 What is the pattern linking the facts in the previous exercise?
[Hint: write down similar equations starting with 92, 112, and so on.]
How would you produce one million examples for the statement?

Discussion Whenever there is a hint, it is wise to use it. What does
‘pattern’ mean? In mathematics it usually means that there is an
underlying relationship, which enables certain facts to be expressed in
a more general way. This process is called generalization.

Solution Looking at the three examples given, you might notice two
features: (1) the first term a2 is 32, 52, 72; (2) the second and third
terms, b2 and c2, are related by the equations c = b + 1 and c + b = a2.

Features (1) and (2) look as if they might indicate a pattern. What
happens if a2 is 92, 112, 132, and so on? If you like arithmetic, you can
do these by hand:

92 + 402 = 412, 112 + 602 = 612, 132 + 842 = 852.

In fact, we can argue more generally. Suppose that a is any odd num-
ber: we write a = 2r +1. We require that b and c satisfy the equation

(2r + 1)2 + b2 = c2,

and our examples suggest that we should try c = b + 1 and c + b =
a2 = (2r + 1)2. So we have to find b and c such that these equations
are satisfied. But these are just ‘simultaneous linear equations’

c− b = 1, c + b = (2r + 1)2.

The solution is easy: c = 1/2((2r + 1)2 + 1) = 2r2 + 2r + 1, and
b = c− 1 = 2r2 + 2r.

We have shown that the equation

6



(2r + 1)2 + (2r2 + 2r)2 = (2r2 + 2r + 1)2

is true. You can check this equation directly, if you wish. Hence we
have shown that for all natural numbers r, the numbers a = 2r + 1,
b = 2r2+2r, c = 2r2+2r+1 provide an example for the given statement.
So we can have as many examples as we please: one million is easy.
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1.4.4 Suppose your friend claims to have an example for the statement

• there are numbers m and n such that n2 = 2m2.

Let x and y be the natural numbers that (she claims) satisfy the equa-
tion x2 = 2y2. Show that x must be an even number. Deduce that y
must be an even number. Can you see why this means that her claim
is wrong?

Discussion This exercise involves only very simple steps. At each step
there is really only one thing that can be done, but you must have faith
and keep on going.

Solution It is claimed that x2 = 2y2, in other words x2 is twice
something, in other words x2 is an even number. You are asked to
deduce that x is an even number. Now if x were an odd number, its
square would also be an odd number. Since we know that x2 is even,
x must also be even.

The next step is to use the information you have. The fact that x
is even means that it can be written as 2s, for some natural number
s. Putting this in the equation x2 = 2y2 you get (2s)2 = 2y2, that is,
2s2 = y2.

Now this means that y2 is even, and so, by the argument used
already for x, y must be even.

This is all very simple, but it leads to a very strong conclusion. You
have shown that x and y are both even numbers, x = 2s and y = 2t,
say. What is the relationship between s and t?

x2 = 2y2 implies that (2s)2 = 2(2t)2, that is, s2 = 2t2.

So if your friend claims that x and y provide an example, you can
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respond that s and t also provide an example - and what is more, your
numbers are half the size of hers. But now you can join in: starting from
s and t you can repeat the argument, and produce another example
half the size of yours. Obviously we cannot go on like this, getting
smaller and smaller examples. So the only possible conclusion is that
the original numbers x and y were not an example after all!

This is a very famous proof, and we shall say more about it in due
course.
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1.4.5 One of the following is an example for the statement

• there are numbers a, b, c, d such that a4 + b4 + c4 = d4.

Without doing any complicated arithmetic, decide which one it is.
[Hint: look for a simple reason why one of them cannot be an ex-
ample.]

4 567 3814 + 16 123 5424 + 15 381 5674 = 23 645 7894

2 682 4404 + 15 365 6394 + 18 796 7604 = 20 615 6734

Discussion You are specifically told not to do any complicated arith-
metic, so working out fourth powers is clearly not required. There must
be some simple reason why one of the sums is wrong.

Perhaps the simplest way is to look at which numbers are odd and
which are even. Another way is to look at the last digits of each term.
Surely that’s enough hinting.
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1.5 Universal statements

1.5.1 Find a counter-example for the statement

• 6n + 1 is a prime.

Discussion If no other idea is immediately apparent, it is worth trying
the numbers n = 1, 2, 3, . . . in turn. Either you will find a counter-
example quite quickly, or it will be clear that a more subtle approach
is needed.

Solution The first few values of 6n+1 are 7, 13, 19, which are primes,
and therefore not counter-examples. But the next value is 25 = 5× 5,
so n = 4 gives a counter-example.
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1.5.2 Is the statement

• if n is a multiple of 3 then n is a multiple of 6

true or false? If it is true, give a proof, if it is false, give a counter-
example.

Discussion As you become more familiar with the kind of thinking used
in mathematics, you will be able spot the answer almost immediately.
Generally it is a good idea to look at some simple cases first. You may
be lucky and find a counter-example; if not you may notice some useful
facts.

Solution Here, the first thing we try gives the answer. The smallest
multiple of 3 is 3 itself, and it is not a multiple of 6. So we have a
counter-example, and the statement is false.
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1.5.3 State and prove a theorem based on the statement

• n2 + 7n + 12 is not a prime.

Discussion As in the previous question, you could begin by working
out some values.

n = 1 : n2 + 7n + 12 = 20 = 4× 5

n = 2 : n2 + 7n + 12 = 30 = 5× 6

n = 3 : n2 + 7n + 12 = 42 = 6× 7.

This ought to be enough to suggest that n2 + 7n + 12 will always have
factors, and to tell you what the factors are. Of course, you can now
check by elementary algebra.

Solution (In ‘Theorem-Proof’ style).

Theorem For all natural numbers n, n2 + 7n + 12 is not a prime.

Proof Since n2 + 7n + 12 = (n + 3)(n + 4), any number of this form
has factors and is not a prime.
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1.5.4 State and prove a theorem based on the statement

• if n is a multiple of 6 then n is a multiple of 3.

Discussion This is another exercise that simply requires you to write
down what is given, and do some algebra. The main point to remember
is that it is really a universal statement.

Solution (In ‘Theorem-Proof’ style).

Theorem For all natural numbers n, if n is a multiple of 6 then n
is a multiple of 3.

Proof If n is a multiple of 6 there is a natural number m such that
n = 6m .Writing this as n = 3 × 2m we conclude that n is a multiple
of 3.
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1.6 Proof techniques

1.6.1 Use the method of proof by contradiction to show that 200 is
not a perfect square.

Discussion One advantage of proof by contradiction is that we always
know how to start: assume the opposite. Often an obvious consequence
of this assumption is false, and the proof will be done. In fact, we used
a very similar argument in the discussion of Exercise 1.2.3. Here we
set it out more formally.

Solution (In ‘Theorem-Proof’ style.)

Theorem 200 is not a perfect square.

Proof Assume the opposite: if 200 is a perfect square there is a natural
number n such that n2 = 200. Since 142 = 196 and 152 = 225, n must
be between 14 and 15. But there is no natural number between 14
and 15. So our assumption must be false, and the original statement
is true.
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1.6.2 Prove that, for all natural numbers n, n2 + 7n + 12 is an even
number.

Discussion You can use the ‘proof by cases’ method as in Section 1.5.

Solution The algebra goes as follows.

n = 2r : n2 + 7n + 12 = 4r2 + 7(2r) + 12 = 2× (2r2 + 7r + 6);

n = 2r + 1 : n2 + 7n + 12 = (4r2 + 4r + 1) + 7(2r + 1) + 12

= 2× (2r2 + 9r + 20).

Alternatively, you may remember the factorization n2 + 7n + 12 =
(n + 3)(n + 4). Now, n + 3 and n + 4 are successive numbers, so one of
them must be even, and the result follows.
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1.6.3 Decide whether the following statement is true or false:

• for all natural numbers n, 7n + 2 is a perfect square.

If it is true give a proof, if it is false, give a counter-example.

Discussion Follow the standard advice: look at some specific values.
The first few values of 7n + 2 are 9, 16, 23, and 23 is not a perfect
square, so we have a counter-example.
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1.6.4 Explain what is wrong with the following alleged proof that if
n > m then n = m.

Since n > m we can write n = m + c for some natural number c.
Multiplying both sides of this equation by n−m and using elementary
algebra we get

n2 − nm = nm + nc−m2 −mc

n2 − nm− nc = nm−m2 −mc

n(n−m− c) = m(n−m− c).

Thus n = m.

Discussion The mistake is in the last step. The equation nx = mx
does not imply the equation n = m if x is zero. (Note that zero is not
a natural number.) In this case x is n−m− c, which is zero, because
we started off by saying that n = m + c.
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